CHAPTER 5. ACCUMULATED CHANGE: THE DEFINITIE INTEGRAL 122
Example 1. Suppose the table below shows the velocity of a car, at 10 minute
intervals. Find an upper estimate and a lower estimate for the distance the car has
travelled.
t(min)
0 10 20 30 40 50 60
v(t)(mph) 0 22 38 35 37 32 29

Solution. We are only finding an estimate, so for each 10 minute interval, we
will pick one of the velocities, and use that velocity for the whole 10 minutes.
We also need to make a unit conversion: either we change time from minutes
into hours, or the velocity into miles per minute. We choose to change time:
t(hours) 0 1/6 2/6 3/6 4/6 5/6 6/6
v(t)(mph) 0 22 38 35 37 32 29
To find the upper estimate we pick the higher velocity in each time interval.
For example, let’s look at just last 10 minutes, i.e. from t = 5/6 to t = 6/6:
Upper estimate for t = 5/6 to t = 6/6 = 32 ⇥
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= 4.83 mi.

In a similar way, we pick the highest velocity for each 10 minute interval.
Thus, our upper estimate is this:
0 to 16 + 16 to 26 + 26 to 36 + 36 to 46 + 46 to 56 + 56 to 66
= 22 ⇥ 16 + 38 ⇥ 16 + 38 ⇥ 16 + 37 ⇥ 16 + 37 ⇥ 16 + 32 ⇥ 16
= 34 mi
Now we do the same thing but pick the lower velocity in each time interval:
0 to 16 + 16 to 26 + 26 to 36 + 36 to 46 + 46 to 56 + 56 to 66
= 0 ⇥ 16 + 22 ⇥ 16 + 35 ⇥ 16 + 35 ⇥ 16 + 32 ⇥ 16 + 29 ⇥ 16
= 25.5 mi

CHAPTER 5. ACCUMULATED CHANGE: THE DEFINITIE INTEGRAL 123
Example 2. Show below is the graph of the velocity v(t) of a car, where t is minutes
and v is in miles per minute.

(a) Find a lower estimate for the distance the car travels in the first hour.
(b) Interpret the distance the car travels in terms of the graph of v(t). Do this
both for the estimate calculated in part (a) and for the actual distance the
care travelled.

Solution.
(a) As in the previous example, we will simply pick a velocity
for each time interval, and then multiply this number times t. The only
di↵erence is that in this case the velocity comes from the graph instead of the
table.
For instance, in the last 10 minutes, we use the velocity v(50) = 0.44 since
this is the smallest velocity in the interval from t = 50 to t = 60. Here are all
the numbers we use:
0 to 10 + 10 to 20 + 20 to 30 + 30 to 40 + 40 to 50 + 50 to 60
0 ⇥ 10 + 0.20 ⇥ 10 + 0.28 ⇥ 10 + 0.34 ⇥ 10 + 0.40 ⇥ 10 + 0.44 ⇥ 10
= 16.6 mi
(b) Each number that we used for velocity in part (a) came from the graph,
and so we don’t really have to do anything to interpret these numbers by
themselves. But what about the products like 0.44 ⇥ 10? It’s always possible
to visual products as the area of rectangles, in this case height = 0.44 and
width = 10:
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To add all the products we can visualize more than one rectangle, one for each
term:

