Homework 5 Solutions
Math 162Q - Fall 2002

Section 7.3:
#3. If we make the substitution z = 3 tanf, dz = 3sec? df, and substitute in, we find

x3 p 81 tan? @ sec? 6 db
r =
vVaz+9 v9tan?6 + 9
81 tan® f sec? 6 db

v9sec? 0
81 tan3 @ sec? 6 db

3sect

= /27tan O sec 6 db

27 tan? 6 sec A tan Odf

27 sec 20 — 1 sec 0 tan 68d0
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Now we make the substitution u = sec 6, du = sec f tan 6 df, giving us

/\/%da: = 27/u2—1du
= 9u®—27u+C
= 9sec’ — 27secO + C
9sec’(tan *(z/3)) — 27sec(tan '(x/3)) + C

Now, to get rid of the trig functions, we use a right triangle like the one below. If we let
tanf = /3,

then we let the side of the triangle opposite # be = and the adjacent side be 3, as in the
diagram on the next page.
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Then by the Pythagorean theorem, we find that the hypoteneuse has length /22 + 9. There-
fore, we find that

cosf = 5 ,
249
and hence that
249
sec(tan *(z/3)) = sech = $3+ :

Therefore, we find that

3
3 )
z dr = ( x3+9> —Wz2+9+C.

#4. If we use the substitution z = 4sinf,dr = 4cosfdf, and change the limits as we go,
we obtain

/2\/5 3 J /3 64in3 0 - 4 cos O df
- dx =
o V16—2? 0 16 — 16sin” @
/3 256 sin® 6 cos 0 d

0 V16 cos? 0
B /“/3 256 sin® 6 cos  df
0

4cosf

/3
= / 64 sin® 6 df
0

/3

= / 64(1 — cos? f) sin 0 df.

0



If we make the substitution u = cos#, du = — sin 6 df), we obtain

2v/3 23

w/3
—dx = 64(1 — cos® 6) sin 6 df
0 vV 16 — .132 A ( )

1/2
= / —64(1 — u?) du
1
40
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#5. For this one, we make the substitution ¢ = sec,dt = secftanfdf. If we change the
limits as we go, we get

/2 L /”/3 sec f tan 0 df
BBV —1 x/a sec3 0+/sec2 — 1
/3 sec @ tan 0 df

/s sec3 0v/tanZ 0

/3 sec 0 tan 6 dO

/2 sec®ftand

#6. This time, we substitute z = 2tan 0, dz = 2sec?f df. This gives us

2 w/4
/ 2V +4dr = / 8tan® v/ 4tan?0 + 4 - 2sec’ 0 df
0 0

w/4
8 tan> V4 sec2 ) - 2sec’ 6 db

w/4
8tan3# - 2sec - 2sec? A df

w/4
32 tan® f sec® 0 do

w/4
32(sec? — 1) sec® @ sec O tan 0 df

Il
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If we now make the substitution w = sec # dw = sec f tan 0 df), we get

2 w/4
/ Va2 4+ 4de = / 32(sec? § — 1) sec® O sec § tan 6 df
0 0

V3
= / 32(w? — 1)w? dw

1
128v/2  64v/2 N 64
5 3 15

#14. Letting v = /5sin 8, du = v/5cos 0 df), we get

/ du V5 cos 0 df
uv5 — u? V5sin /5 — 5sin’

B / cos 6 db
sin 0v/5 cos?

cos 0 db
V5 sin b cos

_ L/ﬁ
_\/5 sin

1
= — [ cscfdb
\/5/
1
= ——In|cscl —cotf|+C

V5

= % In ‘csc (sin_1 (u/\/g)) — cot (sin_1 (u/\/f_))) ‘ +C.

If you use a right triangle to get rid of the trig functions, you get an answer of

é_\/S—uz

u u

1
—In

/diu— +C’
uvb—u2 Vb .

#16. First, we make the preliminary substitution u = 4x,du = 4 dx to get

/ dz _/ 4du
26 9 ) w9




Then we make the substitution u = 3secf,du = 3secftanf df and get

dzx 4du
224/1622 -9 u?vu? -9
. / 4-3secftan b df

9sec? +/9sec20 —9
B /4-3se00tan0d9

9sec? 0v9tan? 6
_ /4-3sec0tan0d0

9sec?f - 3tand
é df

9 ) sech

4
= §/cosﬁd0

4
= §sin9+0

= gsin (sec™'(u/3)) +C
= gsin (sec™'(42/3)) + C.

If you use a right triangle to get rid of the trig functions, you get an answer of

dz _é \/16x2—9+c
z2y/1622 -9 9 4 '

#17. For this problem, we do not need trigonometric substitution. Simply make the
substitution u = 2? — 7, du = 2z dx. This gives

z du

/m‘“ = /ﬁ
= Vu+C

Va2 -7+C.

Note: The moral of this problem is that even though you can use a trig substitution on a
problem (letting = /7 sec § will work nicely), sometimes there’s an easier way.

#27. To do this problem, we first complete the square in the denominator to get

/ dz . / dz
(2 +22+2)2 (22 + 21+ 1+ 1)2

B dx
N / (z+1)24+1)%



Now we make the substitution u = z + 1, du = dz, obtaining

/(x2+621j:+2)2 :/(uzdfuly

Next we make the trig substitution u = tan @, du = sec? § df. This yields

dx _ du
/($2+2x+2)2 B /(u2+1)2
_ sec? 0 df
B / (tan?6 + 1)2
_ sec? 6 do
N / sect
B do
N / sec? 0
= / cos® 0 df

1 1

= §0+ 55in0cos€+0
1 1

= 5 tan~!u + 5 sin (tan_1 u) CcoS (tan_1 u) +C

1 1
= 3 tan '(z + 1) + 5 sin (tan~'(z + 1)) cos (tan ' (z + 1)) + C.

If you use right triangle methods to get rid of the trig functions, you get

/ dz = 1tan’1(x+1)+l _rtl
(22422 +2)2 2 2 22420+ 2

Quest Problems:
#1. Looking carefully at the expression in the problem, we see that we have

A little algebra reduces this to

More algebra leads to the equation



which we can solve with the quadratic equation, giving
r=-1+3.

Now, the number —1—+/3 is negative, while the expression in the problem is clearly positive.
Therefore we must have z = —1 + /3.

#2. If you place a domino on the checkerboard, it covers two adjacent squares. One of these
squares must be white and one must be black. So if we put several dominos on the board
without overlapping them, the number of black squares covered must equal the number of
white squares covered. After the corners have been cut off, however, the board contains 30
black squares and 32 white squares. Since the numbers of black and white squares are not
equal, it is impossible to cover them all without overlapping the dominos.



