Homework 4 Solutions
Math 162Q - Fall 2002

Section 6.4:
#2. Since we’re using metric units, the force on the barbell is F' = mg, where g = 9.80 m /s?
is the acceleration due to gravity. So the force is 588 Newtons. Since the force is constant,

we have
Work = Fd = (588)(2) = 1176 Joules.

#3. Since we’re using English units now, gravity is already factored in. We have

| -101°
Work = / _10 dr = [ 0 ] = 9foot-pounds.
o (1+2) L+,

#6. Since we know F' = kx, we have
25 = k(0.1),

where we are multiplying by 0.1 because when the spring has length 30 cm, it is 0.1 m away
from its natural length. Solving this gives £ = 250. We then have

0.05
Work:/ 250z dx = 0.3125].
0

#8. The first part of the problem tells us that

! 1
12 = / krdx = -k.
0 2

This gives k = 24. Then the work we want is (note that 9 inches is 3/4 foot)

Work = / 2x dxr = th—lbs.
0

#15. If you slice the tank at a height of y; meters above the ground (let y = 0 at the
ground), then the slice is a rectangle with a little bit of height. The length of the rectangle
is 2 meters, the width is 1 meter, and the height is Ay. Thus the volume of the slice is
2Ay. The force on the slice is then pV g, where p is the density of water (1000 kg/m?), V is
the volume of the slice, and g is the acceleration due to gravity. So the force on the slice is



19600Ay. Now, this slice has to move upwards a distance of 1 — y; meters to the top of the
tank. So the work done on the slice is

W = Fd = 19600(1 — y;)Ay.
Therefore, the total work done is (note that the integral starts at 1/2 since we’re only

pumping out the top half of the water)

1
W = 19600(1 — y) dy = 2450 .
1/2

#17. For this problem, we slice again horizontally. This time, the slice at height y; has
height Ay, length 8, and a width w that we have to figure out. To find w, we look at a
horizontal cross-section as in the diagram below.

3

Since the two triangles are similar, we can make a proportion, getting

ht. large A width large A
ht. small A width small A
3 _ 3
Yi w

As above, we then find that the force on the slice is 78400y; Ay. This slice as to move a
distance of 5 — g; since it needs to move to the top of the spout. When we write down an
integral for the work, we only integrate from 0 to 3, since the water only goes to a height of
3 meters. The work done is then

3
Work = / 78400y (5 — y) dy = 1058400.J.
0

#20. For this problem, we set up coordinates differently than in the last two. This time, let
the bottom of the hemisphere be at height y = —5. Then if we slice horizontally, the slices



are disks with height Ay and a radius r which we need to find. We can do this by looking at
the diagram below, which is a vertical cross-section through the center of the hemisphere.

The triangle in the figure is a right triangle, so we can use the Pythagorean theorem to find

that
r=4/25—1y2

V =ar’Ay = m(25 — y})Ay.

Therefore the volume of the slice is

Hence the force on the slice is
F = pV = 62.57(25 — y7)Ay.

Now, the distance the slice has to move is —y; (it’s negative since y; is negative), and so the
work done on the slice is
W = —62.5my;(25 — y7) Ay.

Hence the total work done is

0
Work = / —62.5my(25 — y®) dy = 9765.625n ft-Ibs.

-5

Section 7.1:
#6. Let
u=sin"tz dv= dx
du = 11_m2 dr v=x
Then we get

/sin_lxdx—xsin_la:—/ﬂ
V1-—2122



We can evaluate the second integral on the right by making the substitution w = 1 — 22,
obtaining the answer

/sinlxdac = zsin 'z +vV1—22+C.

F#7. Let
u=12>  dv=cos(3z)dx

du=2zdr v=3sin(3z).

Then we get
1 2
/x2 cos(3z)dr = §x2 sin(3z) — 3 /xsin(?)x) dx.

This new integral also needs to be done by parts. Let

u=2z dv=sin(3z)dz

du=dz v=—3cos(3z).

We then obtain
9 1, . 2 1 1
z°cos(3z) dr = —z°sin(3z) — - | —=zcos(3x) — | —=cos(3z)dzx ).
3 3 3 3
After evaluating the last integral (by substitution) and multiplying out, we get

1 2 2
/:L'2 cos(3z) dx = ng sin(3z) + o7 cos(3x) — 77 sin(3z) + C.

#12. Let

Then we get
/6_9 cos(20) df = %e‘esin(%) —i—%/e‘esin(%) db.

To evaluate the last integral, we use integration by parts again. Let

u=e" dv = sin(20) df
du=—e?df v=—3cos(20).

This yields

/e‘a cos(20) df = %e‘a sin(20) + % (—%e‘e cos(26) — %/6_0 cos(20) d0> ,



which gives

1 1 1
/e cos(20)df = 56_9 sin(260) — 16_9 cos(20) — Z/e_a cos(26)
1 1
g/e cos(20)do = 56_0 sin(26) — Ze_e cos(20)
4/(1 _, . 1,
e ?cos(20)dd = — | -e’sin(20) — -e?cos(26) | + C.

5\ 2 4

#18. Let
u=Int dv=+/tdt

— d —

du=% v =232

Then we get

4 2 4 42
/\/ilntdt = [—t3/2lnt} —/ 2 gt
1 3 1 1 3
4 4
= [gt‘q‘ﬂlnt} — Ftw]
3 1 9 1

#19. Note that we have
1
Invz = In(z?) = ilnx.

Therefore we have

4 1 [ 1 A 1
Inyzdr = = [ Inzdr = Z[zlnz—z]; = =(4In(4) — 3).
) 2/, 2 2

#30. First make the substitution w = v/, dw = dxz/(2y/x). This gives

4 2
/ eVeidr = / 2uwe" dw.
1 1

u=2w dv=c¢eYdw
du = 2dw v=¢ev.

Now, let

This gives
2 2
/ 2we” dw = [Qwe“’]f—/ 2" dw = 2¢?.
1 1



#39.

a) The reduction formula tells us that we have

w/2 w/2 w/2
. 1 w2 n—1 e n—1 e
/ sin" x dx = [— cos x sin” 133]0/ + / sin" 2z de = sin® 2 z dz.
n
0 0 0

b) By the formula, we have

7T/2 2 7r/2 2 2
/ sin3xdx:—/ sinzdr ==(1) =
0 3 0 3

w

Also, we have

71'/2 4 71'/2 2 . 4

/ sin5xdx:—/ sinzdr = =——

0 5 Jo 3-5

¢) Using the formula, we get
7r/2 2 7T/2
/ sin®t pdr = n / sin® ! ¢ dx
0 2n+1 J
2 on—2 [™?
= 3 il . 277, 7 / sin? 3 x dx
n n—1J,

2 on—2 2n—4 [
= n_.n il / sin?* % z dz
2n+1 2n—-1 2n-3 )/,

; | (2n)-(2n—2)-(2n—4)---2 T2
(2n+1)-(2n—1)-(2n—3) 3/0 sinz dz
(2n)-(2n—2)-(2n—4)---2
2n+1)-(2n—1)-(2n—3)---3

(Note that fOW/Q sinzdzr =1).



#40. To do this, we use the formula from problem 39 part a), and get

w/2 om —1 w/2
/ sin?rdx = i / sin? 2z dz
0 0

2n
om—1 2n—3 [™?
= n2 . 2n 2/ sin? 4 x dx
n n—

on—1 2n—3 2n—>5 [7/?
_ o s 3 L 0 sin?" % ¢ dx
2n 2n—2 2n—-4 ),

@n—n-@n—$-@n—®-~3 /2

2n)- (2n—2)- (2n —4)-- / sin”z dx

(2n—1)-(2n—3)- (2n—

T T (2n)-(2n-2)-(2n—4) / sin®z do

_ (2n—1)-(2n—3)- (2n— /
(2n)-(2n—2)-(2n —4)
(2n—1)-(2n—3)- (2n—5) 3-1
(2n)-2n—2)-(2n—4)---4-2

o

o
2

Section 7.2:
#2. We have

/ sin®zcos® zdr = / sin®z cos’> xcosrdr = /(sm r)(1 — sin®x) cos z dz.

Now make the substitution u = sinx, du = cos x dz. This gives us

1 1 1 1
/sinﬁxcos3xda: = /uﬁ(l—UQ)du = ?u7—§u9+0 = §sin7x—§sin9x+0.

#4. We have

w2 /2 /2
/ cos’ zdr = / (cos*z)?cosrdr = / (1 — sin® z)? cos = dz.
0 0 0

Now make the substitution u = sinx, du = cos x dz. This gives us

/2 1 1 8
/ cos’ xdr = / (1—u®?du = / 1—2u? +utdu = —.
0 0 0 15



#10. We have

/ sind(nz)dy = / (sin? 72)? da

_ /(1—co2s(27rx)>3dx

1
= 3 / 1 — 3cos(27mx) + 3 cos*(2mx) — cos®(27wx) dx

1 3 3 1

= —/ldx— —/cos(27m:) dx + —/COSQ(Q’ZT:E) dx — —/cos3(27m:) dx.
8 8 8 8

The first two integrals in the last equality are easy. We have

1 1
3 / ldz = 3" +C and g /cos(27rx) dx = 16% sin(2mzx) + C.

For the third integral, we use a trig identity, getting

3 3 [1 4 3 3

3 / cos®(2mz) dx = 3 / —{—c+(7m;) de = 6% + 6ir sin(4drzx) + C.

Finally, for the last integral, we first make the substitution v = 27z, du = 27 dz, getting
1 3 1 3

— [ cos’(2mz)dr = — [ cos® udu.

8 167

Then we have (making along the way the substitution w = sinu, dw = cos u du),

1
167

1 1 1 1
(1 —sin®u)cosudu = — [ 1 —w?dw = —w — —w® + C.

3 _—
cos™(u) du = 7 167 167 487

Putting this back in terms of x gives
1/ 3(2m2) dr = —— sin(277) — —— sin®(277) + C
g | cos’(2mz) do = T sin(2mz) — o sin® (272 .
If we now add all these integrals, we find that
/sin6 rdr = Ex L sin(27x) + 3 sin(4nzx) + L sin®(27z) + C
- 16 AT 647 487 '

#18. If we put everything in terms of sine and cosine, we find that

5 5
. cos’z . cos’

cot® zsin* z dr = — sin*z dz = - dz.
sin® x sinx




Now we use trig identities and the substitution u = sinz, du = cos z dx to get

/C(?SSxd:v = /—(1_.8in2$)2 cosx dx
sin x sin z
1— 2\2
_ /Mdu
u
1 3
= — —2u+u’du
u

1
= ln|u|—u2+1u4+0

1
= In|sinz| —sin2x+zsin4x+0.

#24. We have

/4

w/4
/ sec®rdr = (sec® x)%sec® z dx
0

/4
(tan?z + 1)%sec® v dz

/4
(tan® z 4+ 2tan®z + 1) sec® z dz.

Il
S—— o— —

Now make the substitution u = tan z, du = sec?® z dz, to get

/4 ! 28
/ (tan4x+2tan2x+1)se02xdx:/ u4+2u2+1duzﬁ,
0 0

#28. We have
/tan3 rsec® rdr = /tan2 rsec’ x tan xsec x dr = /(sec2 r — 1) sec? z tan z sec x dz.

Now make the substitution u = sec z, du = tan x sec x dr to get

/(sech —1)sec’rtanzsecxdr = /(u2 — 1Du?du

= /u4—u2du

1 1
= 5u5—§u3+0
1
5

sec® r — 3 sec®z + C.



Quest Problems:
#1.

a) If 0 <z < x/2, then we have sinz < 1, and so

in2n—|—2 2n+1

S z < sin z < sin? z.

Therefore, by one of the integral properties, we have

w/2 w/2 w/2
/ sin?"*? x dx < / sin?" !z dx < / sin®" x dx.
0 0 0

b) By exercise 40 of section 7.1, we have

/2 . 2n+2
DLyis  Jy " sin?" P ady
L T/2 . on
2n Jo " sin® x dx

((2n+1)-(2n71)-(2n73)---3-1 )
(2n+2)-(2n)-(2n—2)---4-2

<(2n—1)-(2n—3)-(2n—5)---3-1 )
(2n)-(2n—2)-(2n—4)---4-2

2n+1
n+2

NTE
N—

NI
N——

c¢) Using parts a) and b), we have

2nt1l_ Dovs _ Donvr o Ton _ 1
2n 4+ 2 Ign - Izn - I2n

Now, by limit laws, we have

2n+1 < m IQVH—I

im < I < lim1
n—0o0 277/ + 2 n—oo on n—oo
I
1< lim 2 <1

n—o0 2n

Therefore, by the Squeeze Theorem, we have

. IZn—l—l
lim —— =

n—00 on



d) By part c) and problems 39 and 40 of section 7.1, we have

| = lim 2t
n—,oo 2n
( (2n)-(2n—2)-(2n—4)---2 )
(

2n+1)-(2n—1)-(2n—3)---3

im
n—oo [ (2n—1)-(2n-3):(2n—-5)---3-1 ¢
( (2n)-(2n—2)-2n—4)--42 5)

(2n)(2n)(2n —2)(2n — 2

o ) (@) 2
oo 2+ 1)2n—D2n—1)--—-5)3)B)1) 7

2. 2244 m m

T raowl 335 7 m—1 2n+1

To finish the problem, multiply both sides of this series of equalities by 7/2.

#2. The method is as follows. From the tray with thousands of chips, pick any 20, and
move them to the other tray. Now, on the tray that now holds 20 chips, turn all of the chips
upside-down. That’s it! Here’s why it works. When you pick up the 20 chips, suppose you
take IV that have the white side up. Then the first tray still contains 20 — N chips with white
showing. Now, you have picked N chips with white up and 20 — N chips with black up.
When you turn these chips upside down, you get N chips with black facing up and 20 — N
with white facing up. So both trays have 20 — N chips facing up.

Note: A feature of this problem that I think that is really interesting is that even though
you know that both trays have the same number of chips with the white side up, you do
not know what that number is!



