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Abstract

Let GG be a linear algebraic group defined over an algebraically closed field. The dou-
ble coset question addressed in this paper is the following: Given closed subgroups
X and P, is the double coset collection X \G/ P finite or infinite? We limit ourselves
to the case where X is maximal rank and reductive and P parabolic. This paper
presents a criterion for infiniteness which involves only dimensions of centralizers of
semisimple elements. This result is then applied to finish the classification of those
X which are spherical subgroups. Finally, excluding a case in Fj, we show that
if X\G/P is finite then X is spherical or the Levi factor of P is spherical. This
places great restrictions on X and P for X\G/P to be finite. The primary method
is to descend to calculations at the finite group level and then to use elementary
character theory.

Key words: algebraic groups, finite groups of Lie type, double cosets, spherical
subgroups, finite orbit modules.

1 Introduction

Given an algebraic group G we wish to classify those subgroups X and P
such that the double coset collection X\G/P is finite. All our groups are
defined over an algebraically closed field and all subgroups are assumed to be
closed. The collection X\G/P is finite if and only if the G-orbit G/P splits
into finitely many X-orbits. This viewpoint makes a complete classification of
all finite double coset collections appear unlikely in the near future. In this
paper we will assume that G is a reductive (or simple) algebraic group, that
P is a parabolic subgroup and that X is maximal rank and reductive. We use
a technique introduced by Lawther [13] for studying a particular instance of
the double coset problem. Some of our results provide necessary and sufficient
conditions for a double coset collection to be finite. In this paper we pursue
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the application of these results to infinite collections. We intend to establish
finiteness results in a later paper.

We will state the main results of the paper first with brief indications of how
these results relate to earlier work in the field. We refer the reader to the article
by Seitz [15] for further discussion of progress on double coset problems.

The first result provides a powerful criterion for establishing that X\G/P is
infinite. If G is a group and g € G we write G, for the centralizer of g in G.
We write Z(G) for the center of the group.

Theorem 1 (Dimension Criterion) Let G be a reductive algebraic group,
X and P closed subgroups of G with with X maximal rank and P parabolic.
Let L be a Levi factor of P and let s € X N L be a semisimple element. If
dim Z(G,)+dim G, > dim X,+dim P, (equivalently, if dim Z(G,)+1 dim G,—
dim X, — 3 dim L, > 0), then X,\G,/P, and X\G/P are infinite.

Classification of maximal rank reductive spherical subgroups. The
first application of the dimension criterion is to finish the classification of max-
imal rank reductive spherical subgroups each simple algebraic group G. If a
Borel subgroup B of G has a dense orbit on the quotient X'\ G, then we say that
X is a spherical subgroup. Brion [3] and Vinberg [17] independently showed
that X is spherical if and only if X\G/B is finite. The work of Kramer [12],
Brundan [4], and Lawther [13] has produced a list of subgroups which are
spherical in all characteristics. The maximal rank reductive subgroups on this
list are given in Table 1 where we use the following conventions. We treat A
and By as trivial groups and D; as a 1-dimensional torus. Inside a D, root
system we use the convention that root subsystems labelled as A; + A; and
Az are not conjugate to root subsystems labelled as Dy and Dj3 respectively.
The former contain (up to conjugacy) the first node in the Dynkin diagram for
Dy (using the standard labelling, as in [2]), and the latter do not (even after
conjugation). We extend these conventions to subsystems of D,, for n > 4. We
list only the Lie type of each group, as the property of being spherical is not
affected by which representative of an isogeny class is used (see Lemma 6).
The notation T; refers to an ¢ dimensional torus, central in X. Thus, X is
a central product of factors of the indicated type. Finally, in the subgroup
AL Ay of Gy the factor A, denotes a subgroup with short roots (we don’t use
this notation for the other groups as there is no ambiguity). To classify the
maximal rank reductive spherical subgroups, it suffices to classify only those
subgroups which exist in all characteristics, as the others arise from isogenies
or graph automorphisms, which preserve the property of being spherical (see
Lemma 6).

To prove that Table 1 is complete, we introduce the following root-theoretic



Table 1
Generic Maximal Rank Reductive Spherical Subgroups

X<aG X

IA

G

ApAnTy < Apimyr B¢y < Er

B,Dy, < Bpim A7 < By

ApTy < By A1Dg < Er
CoCoi < Covm  A1Er < By

CnTi < Gy Dg < Eg

ATy < Cy A1C3 < Fy
DyDyy < Doyt By < F

ATy < Dy Az < Go
DsTy < Eg A1A; < Gy
A1As < Eg

property which is inspired by Lawther’s anti-open property (see [13]). We
abbreviate the phrase “maximal rank reductive” with MRR. We say a MRR
subgroup X is generic if a subgroup of the same type as X is defined in all
characteristics. Fix a maximal torus of X and define the root systems ®(X)
and ®(G) with respect to this maximal torus. Let ¢ < ®(G) be a closed root
subsystem. We say that X has a ¢ complement if ¢ is disjoint from ®(X).
This is equivalent to the existence of a generic MRR subgroup K < G with
®(K) = ¢ and K N X a maximal torus. The adjective “long” or “short” may
be applied if ¢ has only long or only short roots.

Theorem 2 Let G be a simple algebraic group and X a generic MRR sub-
group. The following are equivalent:

(i) X is spherical.
(il) X appears in Table 1.
(iii) X has no As or By complement.

In this paper we show that (i) = (iii) = (ii) (more precisely, we show — (ii)
= = (ili) = = (i)). The implication (ii) = (i) is due to Brundan [4] and
Lawther [13].

Theorem 2 applies to a group acting on the full flag variety G /B, where B is
a Borel subgroup. Using the dimension criterion, we now obtain more general
infiniteness results where P is any parabolic. Since Table 1 contains relatively
few subgroups, the following theorem places great restrictions upon X and P
for X\G/P to be finite. An end node parabolic is conjugate to a standard
parabolic obtained by crossing off exactly one of the end nodes in the Dynkin



diagram of G.

Theorem 3 (Spherical X or Spherical L) Let G be a simple algebraic group,
X a MRR subgroup, P a parabolic subgroup with Levi factor L. If G equals
Fy suppose that P is not an end node parabolic. If X\G/P is finite then X is
spherical or L is spherical.

The extra restrictions placed upon P when G equals Fj are necessary. In a
later paper we will show that L;\Fy;/P; and L,\Fy/P; are finite (where P; is
conjugate to the standard parabolic obtained by crossing off the i*" node of
the Dynkin diagram of F}, and L; is its Levi factor).

Corollary 4 If X\G/P is finite and P is not mazimal then X is spherical.

Remark. The theorem and the corollary give a surprisingly strong dichotomy
for MRR subgroups with respect to the double coset problem. Either they are
spherical, or they will have an infinite number of orbits on almost all flag
varieties. For instance, A;As is spherical in Eg, but 77 A5 will have an infinite
number of orbits on all flag varieties Eg/P except, possibly, if P is an end
node parabolic. As another example, suppose one could show that a MRR
subgroup X in GL(V') has a finite number of orbits on flags consisting of one
and two dimensional subspaces. Then X has a finite number of orbits on full
flags, i.e. upon G/B where B is a Borel subgroup.

Outline of remaining sections. The outline of the rest of this paper is as
follows: Section 2 includes basic results and preliminaries; Section 3 reduces
the double coset question of algebraic groups to a related question about
finite groups; Section 4 applies character theory to the finite groups (roughly
following Lawther [13]) and obtains the Dimension Criterion; Section 5 proves
Theorems 2 and 3, assuming Proposition 21; Section 6 proves Proposition 21.

2 Preliminaries

In this section we list basic results which will be used later. Many (perhaps
all) of the results in this section are known to others. We list them here either
for convenience, or because references are difficult to find. For standard facts
and conventions regarding algebraic groups we follow [10].

Lemma 5 Let G be a simple algebraic group. All MRR subgroups of type As,
of the same length, are conjugate. All MRR subgroups of type By are conjugate.



If the rank of G is at least three then these subgroups are all Levi factors of
parabolic subgroups.

PROOF. The last statement is clear. Let H and H’ be two MRR subgroups,
both of type By or both of type As of the same length. By conjugation we may
assume that H and H' share a common maximal torus 7. If the rank of G is
two then H and H’ are equal. Otherwise H and H' are Levi factors and each
is generated by 7' and the root groups (positive and negative) corresponding
to a pair of adjacent nodes in the Dynkin diagram of G. Then H and H' are
conjugate by the action of the Weyl group. a

The following lemma allows us to make a variety of convenient assumptions
about G. We write GY for ¢g7'Gy.

Lemma 6 Let G be a group with subgroups X and P. Let Z be the center of
G, suppose that Z is contained in P and let o1 : G — G/Z be the natural
map. Let K be a finite normal subgroup of G and let vy : G — G /K be the
natural map. Let g, h € G. The following are equivalent:
(1) [X\G/P| < 0.

|1 (X)\p1(G) /@1 (P)] < oo.
|£2(X)\p2(G) /2 P)] < 0.
\Xg\G/Ph] < o0.

PROOF. These statements can all be proven in an elementary fashion. O

This lemma shows that the question of whether X'\ G/ P is finite depends only
upon the Lie type of the groups involved. In particular, it does not depend
upon which elements of an isogeny class are chosen, the presence of centers,
connectedness etc. We may also assume that G has simply connected derived
subgroup, which eases some of the proofs. Finally, if X and P are maximal
rank then we may assume that they contain a common maximal torus.

Conventions. If ¢ is an endomorphism of G we denote by G, the fixed
points of o in G. If G is a group and g € G then G, denotes the centralizer
of g in G. Finally, G, , denotes those points in G fixed by both ¢ and g. The
finite groups of Lie type arise as the fixed points in G of a Frobenius morphism
o : G — G, where G is defined over the algebraic closure F, of the field F,, of
p elements. We refer to [5] and [16] for details. We denote the cardinality of a
set S by |S].



Lemma 7 Let G be a connected reductive group with simply connected derived
subgroup. Let T' be a maximal torus of G.

(i) The center of G is contained in each mazimal torus of G. (This does not
require that G have simply connected derived subgroup.)

(i) If s € G is semisimple then G is reductive and connected.

(iii) For each s € T we have Z(G4) <T.

(iv) The set {Gs | s € T} is finite. Its size may be bounded by a constant

depending only upon the root system of G.

(v) Fiz s € T. There exist ty,...,t, €T such that {G; |t € G, Gy > G} =
{Gy, | 1 <i<r}. Let Z(s) ={t € G | Gy = Gs}. Then Z(s) is an open
subset of Z(Gs) and its complement is the set U = U; Z(Gy,).

(vi) If S is a torus and L = C(S) then {s € S | L = G} is a dense subset
of S.

PROOF. Part (i) is [10, 26.2].
Part (ii) is [5, 3.5.4, 3.5.6].

Part (iii). Note that 7" is a maximal torus of G,. By part (ii) we may apply
part (i) to the group Gi.

Part (iv). By [5, 3.5.3] we have that G is generated by T', the root groups it
contains and by certain elements of the Weyl group. Since the Weyl group is
finite and the number of root groups is finite the number of possibilities for
G is finite and depends only upon the root system of G.

Part (v). Apply part (iii) to show that if G; > G, then t € Z(G,) < Z(G,) <
T. This fact, and part (iv), show that t1,..., ¢, may be chosen in T as stated
and that U C Z(Gg). Since the union is finite, U is a closed set. Given t €
Z(Gy) we have the following chain of equivalent statements: ¢ ¢ Z(s) if and
only if G; > G if and only if G; = Gy, for some i, if and only if t € Z(G,,) for
some ¢, if and only if ¢ € U. This shows that U is the desired complement.

Part (vi). We have, for all t € 5, that G; > L. By an argument similar to
that for part (v), one can show that the set of ¢t € S with G; > L is a proper,
closed subset of S. a

Lemma 8 Let G be a connected reductive group and o : G — G a Frobenius
morphism. Then Z(G,) = Z(G),. Moreover, if G has simply connected derived
subgroup and s,t € G, are semisimple elements, then Gy = Gy if and only if

Ga,s = Ga,t'



PROOF. The first statement is in [5, 3.6.8]. For the second statement note
that “=" is obvious, for “<” suppose that G, s = G, By Lemma 7(ii)
we have that Gy and G; are connected and reductive. By assumption ¢ is in
Z(G,,s), which equals Z(Gj), by the first statement. This shows that ¢ is in
Z(Gy) whence Gy > G5. A symmetric argument shows that G > Gy. O

Lemma 9 (Rational normalizer theorem) Let G be a connected reduc-
tive group defined over F,, let o : G — G be a Frobenius morphism and let P
be a o-stable parabolic subgroup. Then Ng,(P,) = P, = (Ng(P)),

PROOF. It is well known (see [10, 23.1]) that P = Ng(P), which gives
the second equality. For the first equality it is clear that P, < Ng_(P,). The

reverse inclusion follows from the fact that if P is a o-stable parabolic subgroup
with P, = P, then P = P (see [1, 4.20]). O

Corollary 10 Let G be a connected reductive group with a parabolic subgroup
P. Let o be a Frobenius morphism of G which fixes P and let x € G,. Let
(G/P), be the variety of G-conjugates of P which contain x. Then o acts upon
(G/P), and the character value 1%’ (x) is equal to the number of o-fixed points
on this variety.

PROOF. Let (G/P), be the o-fixed points in the quotient G/P. Using the
Lang—Steinberg Theorem [16] it is easy to show that the map ¢ : G,/P, —
(G/P), taking g P, to gP is an z-equivariant bijection. Together with the ratio-
nal normalizer theorem this shows that we have bijections between (G/P), 4,
(Gy/P,), and {P, | g € G,, x € 9P,}. Elementary character theory shows
that 1%(95) equals the size of the last collection. O

Lemma 11 ([14, 3.5]) Let G be a connected algebraic group of dimension d,
let o : G — G be a standard q™ power Frobenius map. Then (q—1)* < |G,| <
(g +1)4.

Lemma 12 Let G be a connected reductive group with simply connected de-
rived subgroup, let o : G — G be a standard ¢™ power Frobenius map, let
s € G, be semisimple, let T' be a mazximal torus containing s and let Z(s) and
t1, ..., t, be as in Lemma 7. Let ¢; and dy be the number of connected com-
ponents and the dimension of Z(Gs) respectively. Let I C {1,...,r} such that
dim Z(Gy,) < dim Z(Gs) if and only if i € I. Let m = |I| and, if m > 0, let
co and dy be the mazximal number of components and the greatest dimension,
respectively, of the Z(Gy,) with i € I.

Then Z(s) is o-stable and

(q— D" —mey(g+1)2 < |Z(5)] < aqg+1)h,



PROOF. Since s is fixed by o it is easy to show that G5, Z(Gs), and Z(s)
are o-stable.

Since Z(s) C Z(G,) we may apply Lemma 11 to get |Z(s),| < |Z(Gy)y| <
c1(q+1)% where the second inequality is found by calculating |Z(Gy),| under
the assumption that o stabilizes each component of Z(GY).

Let Z(Gs)° be the identity component of Z(G,). We have that |Z(s),| >
|(sZ(Gs)° N Z(s))s|. From Lemma 7 we have a partition Z(Gs) = Z(s) UU

whence
((sZ(Gs)" N Z(8))al = [(sZ(G5)°)o| = |(sZ(Gs)° N U )l
It is easy to check that
(@=1D" < [Z(Go);| = |(sZ(G)°)sl,

and that
< mea(q + 1)d2,

(sz@rnUzG))
i€l o
whence it suffices to show that sZ(G,)° N U = sZ(Gs)° N (Uier Z(Gy,)).
We prove this by showing that sZ(Gs)° N Z(Gy,) is empty if dim Z(Gy,) =
dim Z(Gy). Let dim Z(Gy,) = dim Z(Gy). Then Z(Gy,)° = Z(Gs)° and sZ(Gs)°N
Z(Gy,) is empty or all of sZ(G5)°. However, by definition of the ¢;, we have
s & Z(GYy,) so we are done. O

3 Reduction to finite groups

In this section we reduce the double coset problem in algebraic groups to
double cosets in finite groups. These results seem intuitive, but use material
surprisingly far from group theory.

By a reduced algebraic group scheme over Z, we mean that the group G
is defined, as a subgroup of GL,(Z), using a finite number of polynomials
over Z and that Z[G| has no nilpotents except 0. This is the case for the
simple algebraic groups, as well as their parabolic subgroups and generic MRR
subgroups (see [6] or [11]). Such a group scheme has a group of points over
every field. For an algebraically closed field k one may identify the group of
points (of the group scheme) over k with the algebraic group (in the naive
sense) over k. The field F,, is the algebraic closure of the field of p elements
for the prime p.

Proposition 13 Let G be a simple algebraic group scheme and let X and P
be closed algebraic subgroup schemes of G, all of which are reduced over Z.



For a field F we denote by G(F), X(F), and P(F) the group of points over F
of G, X, and P, respectively. Let k be an algebraically closed field.

(i) If chark = 0 then

X(\G)/PE)| < 00 = lmsup| X FNG(E,)/PE,)| < oc.

(ii) If chark =p > 0 then

X (R\G(K)/P(k)| < 00 <= |X(F)\G(F,)/P(F,)| < oo,

PROOF. Part (ii) is proven in [8]. (We view the group X (k) x P(k) as acting
on the affine space G(k). The assumption in [8] that X (k) x P(k) should be
reductive is not used.) It may also be proven using a model theoretic argument
similar in nature to the one we give now for part (i). For basic facts about
model theory we refer to the textbooks by Fried-Jarden [7] or Hodges [9].

For p equal to 0 or a prime, let ACF), be the theory of algebraically closed
fields of characteristic p. Then ACF), is a complete theory.

For a field F we identify G(F) as a set of matrices in GL, (IF) using the defining
polynomials over Z. We make similar identifications for X and P. Since G,
X, and P are defined over Z we can express membership in G(F), X (F), and
P(F) with first order sentences. Let ¢ be the sentence which, applied to the
model F, gives Jg1, ..., g, € G(F), Vg € G(F), 3z € X(F), Jy € P(F),
3i € {1,...,n} such that zgy = ¢;. In other words, ¢ applied to F states that
X(E)\G(F)/P(F)| < n.

Suppose X (k)\G(k)/P(k) is infinite in characteristic zero. Then ¢ is false
in k. Then ACF, + —¢ by completeness. This means that we have a fi-
nite number of steps each of which only uses a finite number of axioms
to derive —p. In particular, only finitely many axioms which assert that
m -1 # 0 are used and so there exists a prime py, which is greater than
every m which is used in this manner. For all primes p > py the axioms and
steps which are used in the proof of AC'F, F = may also be used to conclude

ACF, F —p. Therefore, for all such p we have ’X(Fp)\G(Fp)/P(Fp)‘ > n
whence limsup, ., ‘X(Fp)\G(Fp)/P(Fp)‘ > n.
Conversely, a similar argument shows that ACFy - ¢ = ACF, - ¢ forallp

sufficiently large. Therefore finiteness in characteristic 0 implies boundedness
of | X (F,)\G(F,)/P(F,)| as p — oo. O

In the following lemma we often view the collection X\G/P as the orbits of
the group X x P acting on G in the natural way.



Lemma 14 Let G be a connected algebraic group defined over k = F,, let
o0:G — G be a Frobenius morphism, let X and P be closed o-stable subgroups.
If X\G/P is infinite let C = 1. If X\G/P is finite let C be an upper bound
on the number of connected components of stabilizers of X x P acting on G.
Then

1
61imsup|XUn\GUn/Pan| < | X\G/P| < limsup sdoubleX,nGonPpyn.

PROOF. Suppose limsup | X,n\Gon/Pyn| is finite and less than m. We will

show that |X\G/P| < m. Let g1,...,gm € G. There is a natural number
n such that g1,...,9m € Gon and m > | X;n\Gyn/Pyn|. Then at least two of
g1, - - -, Gm are in the same X,» X P,n-orbit, whence they are in the same X x P-
orbit. Since this holds for every g¢i, ..., ¢, € G we see that | X\G/P| < m.

Suppose now that X\G/P is finite, let n be given and let (X\G/P),~» be
the collection of o™-stable X x P-orbits. Then the Lang—Steinberg Theo-
rem [16], applied to the action of X x P upon G, shows that C'|X\G/P| >
O|(X\G/P)0”| > |XU”\GU"/PU"|~ .

4 Character Theory and the Dimension Criterion

Strategy and conventions. By Lemma 6 we may, and shall, assume through-
out this section that G is a connected reductive group with simply connected
derived subgroup. By Section 3 we may, and shall, assume that G is defined
over the algebraic closure of a field of positive characteristic. Let 0 : G — G
be a ¢ power Frobenius morphism. We assume that X and P are closed,
o-stable subgroups. Eventually we assume that X is maximal rank reduc-
tive and P is parabolic, but we use these assumptions only as needed in the
preparatory lemmas. For fixed points we will use the notation G,, P, etc
as described in Section 2. Then to prove infiniteness, in all characteristics, it
suffices to show that | X,n\Gyn/Pyn| is unbounded as n approaches infinity. If
G is a group, the notation [g] C G means that g is an element of G and [g]
is its G-conjugacy class. An element denoted by s will be semisimple, and an
element denoted by u will be unipotent. A sum over [u] C G means the sum
over representatives u of the unipotent classes of GG. This preparatory material
roughly follows Lawther [13], though he only stated those directions relevant
for proving finiteness.

Lemma 15 We assume that P is parabolic. Define an equivalence relation on
semisimple elements in X, as follows: s and t are equivalent if G, s and G, ¢
are conjugate under X,. Denote the equivalence class of s by E(s, o). Choose

10



a set S, of representatives of these equivalence classes. Then

[E(s,0)| |Xosl . q,
X A\Go /Pl = > > X1 X 157 (su).
€55 [u]CXos,s | U| ’ 0737”|
PROQOF. Basic character theory gives
(XAGo/ Pl = (155,15 )6, = (s 180D, = 577 2 18
‘X | reXs

Applying the Jordan-Chevalley decomposition within the finite group X, we
get that this last sum is equal to

|X|Z > 15

SGXG' UEXU s

Now we claim that ¢ € E(s, o) implies that

ZIG tu ZlG su

UGXU t UGXU s

Let z € X, with (G,:)* = G,. The crucial step is to show that for all u € X, ;
we have 157 (tu) = 157 (su®). Once this is done, conjugation by = shows that
the sums are equal. We work at the level of algebraic groups. Given u € X, 4,
let (G/P)y, and (G/P)g= be the varieties of conjugates of P which contain
tu and su” respectively. Let g € G such that ¢t € PY and let T' be a maximal
torus of P9 which contains ¢. We apply Lemma 8 to see that (G;)* = G,. We
have the following:

T<G = T"<G, = seT* = se P,
It is now easy to see that if tu € P9 then su” € P9. Therefore, conjugation by
x gives a g-equivariant bijection (G/P), — (G/P)su=. Taking o-fixed points
and applying Corollary 10 finishes the claim.

Using the claim we have

Z Zleu \X]

s€Xs ueXs s

> sa|1G(su)

s€Ss uEXs, s

IX\

To finish the proof we take the sum over the representatives of unipotent
classes in X, ;. O

Lemma 16 We assume that X is maximal rank. Let s € X, let T be a
mazximal torus containing s, let W = Ng(T) be the Weyl group and let

11



Z(s,0) = {t € G| Gyt = G, s}. Let Z(s) and E(s,o) be as in Lemma 7
and Lemma 15 respectively. Then Z(s,0) = Z(s), and

|W’ 5% x Z(s,0)| < |E(s,0)] < |s% x Z(s,0)|.

PROOF. Using Lemma 8 for one containment, it is easy to show that Z(s), =
Z(s,0).

The following claim finishes the proof. We have a surjective map, ¢ from
s¥e x Z(s,0) to E(s,o) taking (s%,t) to t*, whose fibers are bounded in size
by |W|. Note that this map is well-defined as every element in X, which
centralizes s also centralizes t. To see that the map is surjective, let t € F(s, o)
and lelt zr € X, with (G,,1)* = G, 5. Then (3””71, t*) is in the domain of ¢ and
p(s™ 7)) =t.

The remainder of the proof bounds the size of the fibers of ¢. Let (s*,t1) be
an element of the domain. We claim that

o) = {7 ) Jwew) N (sX“ x Z(s,a)).

It is easy to see that the set on the right is contained in p~!(¢¥). Conversely,
let (s¥,£5) € () and note ty = 2V .

Claim: T contains ty, ty = tgfyfl, s, and s¥* . Proof: By assumption s € T.
Lemmas 7 and 8 show that Z(G, ) < T. By definition t1,t, € Z(G,s). The
following calculation shows that s¥* ' € Z(G,.,), which finishes the claim. The
fixed points in G of ¢ and s¥* " equals (Gy )" = (Gos,)?"  which equals
the fixed points in G of o and té’fl which equals Gyt = Gos.

Now that we know t, to = t:fyfl, s, s¥ " e T, we will apply [5, 3.7.1], and
the (standard) notation which appears there to involve the action of the Weyl
group. Write zy~! = utiv/ in the Bruhat canonical form. Since ty = t”rfyfl we
have that t, = t¥. Since zy ™' conjugates s¥” ' to s we have that (s¥* )¥ = s
and s¥ = s*'*. Therefore (s¥,t,) = (s* ' *, t%). O

Corollary 17 We assume that X is mazximal rank and that P is a parabolic
subgroup. Let S, and Z(s, o) be as in Lemmas 15 and 16 respectively. We have

|Z(s,0) 1G
|Xasu|

|Z(s,0)| . q,
1 < XO'GO'PO' <
W T W S ING/RL < DI

where each sum is taken over the elements s € S,, and the representatives u
of the unipotent classes [u] C X, 5.

12



PROOF. Combine Lemma 15 and the bounds for E(s, o) just obtained in
Lemma 16. a

Proof of the Dimension Criterion It is easy to show that X,\G/Ps is
infinite (use Lemma 6 and consider quotients by Z(Gy) ).

It remains to show that X\G/P is infinite. Using Section 3 it suffices show
that the term in Corollary 17 corresponding to s € S,, 1 = [u] C X, is
unbounded as we replace ¢ with ¢™ and let n approach oo. This term is

1 |Z(s,0")] ¢
T (s).
|W| |XU”,8| Fo
Ga” s . .
It is easy to show that 1%;: (s) > ‘| P : || whence this term is bounded below

by
1 [Z(s,0")||Gon s
|W| |XU”,S| |P0”,S|
Therefore it suffices to show that
1 |Z(s,0™)| |Gon s

lim sup = 00

nsel W [Xons| | Pons]

Let ¢; and ¢y be the number of connected components of X, and P, respec-
tively. By Lemmas 11, 12 and 16 we have

lim su 1 !Z(s,an)‘ \GU%\ > L 1 (qn>dimZ(Gs)+dimGs
n—>oop ‘W| |X0'n,s’ ’PU",s’ T n—00 ¢y (qn)dln’l)(S—I—d]rn_PS

It is now easy to see that this limit is infinite. a

5 Proof of Theorems 2 and 3

Throughout this section G is a simple algebraic group, X a generic MRR
subgroup, and P is a parabolic subgroup with Levi factor L. Starting with
Proposition 21 we will use H for arguments which apply to both X and L.

Lemma 18 Let s € X N L. If either of the following holds then X\G/P is
infinite:

(i) Gy is of type As and X and Ly are tori.
(ii) Gy is of type Bs, X is a torus and Lg is of type Ay or a torus.
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PROOF. Using the dimension criterion it suffices to show that
. . . 1.
dim Z(Gy) + 5 dim G, — dim X, — 5 dim L, > 0.
It is easy to check in each case that the quantity on the left is at least 1. O

Corollary 19 If either of the following hold then X\G/P is infinite:

(i) X and L have conjugate Ay complements. -
(ii) X has a By complement K, and for some conjugate K = K9 we have
that K N L is a MRR subgroup which is a torus or of type A;.

PROOF. If G has rank 2 and (i) or (ii) holds then it is easy to show that
X\G/P is infinite by dimension.

Assume now that the rank of G is at least 3. If (i) holds let K be the A,
complement of X. Using Lemmas 5 and 6, we may replace P by a conjugate
and assume that in (i) the Ay complements of X and L coincide, and that
in (ii), we have K = K. Since the rank of G is at least 3, we have that K is
a Levi factor of a parabolic, whence is of the form C,(S) for some torus S.
Apply Lemma 7, to see that there exists s € S with Gy, = K. We are done by
the previous lemma. O

Corollary 20 If X has an Ay or By complement then X is not spherical.

PROOF. Apply Lemma 19, noting that the Levi factor of a Borel subgroup
is a torus, which has every type of complement possible. a

Proposition 21 Let H be a generic MRR subgroup of G which does not ap-
pear in Table 1. The following hold, and, in particular, H has an Ay or Bs
complement in all cases.

(i) If G has single root length, then H has an As complement.

(ii) If H is the Lewvi factor of a parabolic with non-abelian unipotent radical
then H has an As, By or Go complement.

(iii) Let G equal B, or C,.
(a) If G = B,, and H = D,,, D,,, then H has a By complement.
(b) Otherwise H has an Ay complement.

(iv) Let G = B,. If H is a Levi factor then there exists a MRR subgroup K
of type By with HN K a MRR subgroup which is either a torus or of type
Al.

(v) If G = F, the mazximal possibilities for H are C5Ty, AQAVQ, B3Ty, A1A1 By,
211143, Dy, where 211 and ﬁg denote groups with short roots. The first
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possibility has a long Ay complement, the next has both long and short
Ay complements, and the rest have short Ay complements. In particular,
if L is a Levi factor for a parabolic subgroup which is not an end node
parabolic, then L has both long and short Ay complements.

The proof of this proposition is delayed until the next section.

Proof of Theorem 2 The work of Brundan [4] and Lawther [13] show that
(ii) = (i). Corollary 20 shows that (i) = (iii). Proposition 21 shows that (iii)
= (ii). O

Proof of Theorem 3 We assume that X and L are not spherical we will
show that X\G/P is infinite.

If G = G4 then by dimension one finds that if X is non-spherical then X\G/P
is infinite. For the remainder of the proof assume G # Gs.

Recall our convention that Dy is a 1-dimensional torus. If (G, X) # (B, Dy, Dy,)
then apply Proposition 21 and let Hy be an A; complement for X and let
Hy, be an Ay complement of L, of the same length as Hx (length is only an
issue for Fy). If (G, X) = (B, Dy, D,,) then apply Proposition 21 and let Hy
be a By complement for X and let H;, be a MRR subgroup of type B, with
LN Hp a MRR subgroup of type A; or a maximal torus. Apply Lemma 5 to
see that Hyx and Hj are conjugate. Apply Lemma 19 to see that X\G/P is
infinite. a

6 Proof of Proposition 21

Throughout this section we let H be a generic MRR subgroup of G and fix a
maximal torus T < H. Let ®(G) and ®(H) be the root systems defined using
T.

We prove parts (i) and (ii) immediately. Parts (iii)-(v) follow after Corol-
lary 24.

Proposition 21(i). Recall that G has single root length and H is a MRR sub-
group which fails to appear in Table 1. Then, by [13], H is not anti-open, that
is, there exist o, 5, a+ 5 € ®(G)—P(H). Let ¢ equal all Z-linear combinations
of @ and 8 which are contained in ®(G). Then ¢ is an Ay complement for H.

Proposition 21(ii). Recall that H is the Levi factor of a parabolic with non-
abelian unipotent radical (). Let «, 3 be roots such that the corresponding
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root groups U, and Us are contained in ) and do not commute. Let ¢ equal
all the Z-linear combinations of @ and [ which are contained in ®(G). Then
@ is an As, By or Gy complement for H.

Lemma 22 Let ¢y be an irreducible root system in a Fuclidean space E with
inner product (, ). Let o1 be a proper, closed subsystem of ¢q. Then po — 1
spans E and for each 3 € ¢y there exists a € og — 1 with (a, B) # 0.

PROOF. Let n be the dimension of E and fix a Dynkin diagram A of .
Given «, # € A the path connecting o to (3 is the shortest such path and
includes o and . The sum over this path means the sum of each element of
A which is contained in the path. It is easy to check that such a sum is itself
a root.

For the first conclusion it suffices to show that we have n independent vectors
in ¢y — 1. Since ; is a proper, closed subsystem we have that A — ¢y is
non-empty. For each @ € A let 7, be a path connecting a to exactly one
element of A — ;. We re-index these paths so that for i € {1,...,n} the path
v; contains a node which does not appear in vy,...,7;,_1. For each ¢ let (3; be
the sum over v;. By the manner in which the paths ~; were indexed, it is easy
to see that (1,..., [, are linearly independent. By the manner in which the
paths were chosen, we may write each 3; as the sum of a root in ¢y and a root
outside of ;. This shows that (3; is not in ;.

For the final conclusion note that 3 is not orthogonal to E, whence it is not
orthogonal to ¢y — 1. O

Corollary 23 Let @9 < ®(G) be an irreducible root system and let py =
o NP(H). Let o1 be a closed subsystem of @o with @o > p1 > po.

(i) If wo has single root length then H has an Ay complement (whose length
is the same as ¢g ).

(i) If o is closed in ®(G), G = B,, and p1 — pa contains a short root then
H has a By complement.

PROOF. Fix § € ¢y — @2 and assume that [ is short if (ii) holds. By the
previous lemma there exists a € g — 1 with («, 5) # 0. Note that o # £
and that if ia + j5 € ®(G) then ia + jF € po. If (a, B) > 0 we replace one
root with its negative and assume that («, 3) < 0, whence a + 3 € ¢y. Since
a & ¢ and € ¢ we see that a+ 3 € . Similarly, we see that o + 23 & ¢
(of course it may not even be a root) and that 2« 4+ 3 is not a root. Let ¢
equal all the Z-linear combinations of @ and  which are contained in ®(G).
If (i) holds then ¢ is an Ay complement for H. If (ii) holds then ¢ is a Bs

16



complement for H since [ is short and B, has no closed subsystems of type
short Ay or Gs. O

Corollary 24 If oy < ®(G) is irreducible with single root length and ps =
woNP(H) is submazimal in po then there exists py as in the previous corollary.

PROOF. In a root system with single root length, every root subsystem is
closed. O

Proof of Proposition 21 (iii),(iv),(v) Part (iii). Recall that G equals B,
or C, and H is a generic MRR subgroup which does not appear in Table 1.

Part (a). If n = 2 and H does not appear in Table 1 then H is just a torus
and G itself is a By complement. We now assume that n > 3, G = B,, and
H = D,,D,,. We assume that n; > 2. Let @9 = ®(G) and set vy = ®(H).
Let 3 = ®(B,,D,,). Then ¢ contains a short root and s does not. Thus
1 — o contains a short root and we are done by part Corollary 23(ii).

Part (b). We assume that n > 3 and if G = B, that H # D,,, D,,,. If G = B,
let o and 9 equal the long roots in ®(G) and ®(H ) respectively. If G = C,, let
o and ¢, equal the short roots in ®(G) and ®(H) respectively. In both cases
@o is of type D, and is irreducible since n > 3. The maximal subsystems
of ¢y are A,y and D,, + D,,. The subsystem ¢, cannot equal D,, A, 1,
or D,, + D,, as this would contradict either the assumption that H is not
in Table 1 or the extra restrictions on H when G = B,,. Therefore ¢, is a
submaximal subsystem of ¢y and we are done by Corollary 24.

Part (iv). We have that G = B,, and that H is a Levi subgroup of G. Let
aq,...,a, be the nodes in the Dynkin diagram of G in the usual order (as
in [2]) and suppose that H is described by “crossing off” certain nodes. Let
01 = ap and B = ap + - - + a,. Let p equal all the Z-linear combinations of
a and  which are contained in ®(G). Then ¢ is a By complement for H.

Part (v). We have that G = Fy. To construct all short Ay complements, take
o equal to all the short roots in ®(F}), thus s equals all the short roots in
®(H). Observe that ¢y is of type D,. By examining each possibility for H it is
easy to verify that ¢, is submaximal in a D, root system and we are done by
Corollary 24. To construct the long A, complements, one proceeds similarly
with ¢g equal to all the long roots in ®(Fy). O
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