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finite element spaces with robust approximation properties. In particular, we construct an hp finite element
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. INTRODUCTION

It is well known that for elliptic problems over nonsmooth domains, singular components are
introduced in the solution in neighborhoods of the corners. For singularly perturbed problems,
boundary layers arise in additition to corner singularities. Boundary layers are rapidly varying
solution components that have support in a narrow neighborhood of the boundary of the domain.
Such problems arise in the study of plates and shells in structural mechanics and in heat transfer
problems with small thermal coefficients.

In this article, we study the numerical approximation of a singularly perturbed elliptic problem
over a square, in the context of the /p finite element method. In [?] it was shown that the solution
can be decomposed into a smooth part, a boundary layer part, a corner layer part, and a smooth
remainder. We show that the boundary layer part of the solution is essentially of the form

upr (x,y) = C(x) exp(—y/e), (1.1)

with C'(x) smooth and € € (0,1]. This indicates that the boundary layer effect is essentially
one-dimensional. In [?] one-dimensional boundary layers were studied in detail and an /p finite
element scheme was presented with robust, exponential convergence properties. In [?], functions
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of the type (??) were studied, and the results of [?] were used for their approximation over smooth
domains. (See also [?], [?] for recent developments in the approximation of such problems in
smooth domains). In the present case, the nonsmoothness of the domain further complicates
the approximation, due to the presence of corner singularities. Using the results of [?] for the
approximation of the corner layers, we are able to construct finite element spaces that approximate
both the corner layers and the boundary layers. We obtain near-exponential (spectral) rates in the
energy norm that are uniform with respect to the perturbation parameter ¢.

In Section II, we present the model problem and the asymptotics of its solution from [?]. In
Sections III, IV, and V, we discuss the approximation of the boundary layers, corner layers, and
smooth part, respectively; and in Section VI, we present our main result. Finally, in Section
VII, we present the results of numerical computations that are observed to agree well with our
estimates.

Throughout this article, H* ({2) denotes the Sobolev space of order k& € Ny on a domain
Q c R?, with H° () = L?(2), and |||, » || o denoting the norm and seminorm as usual.
Whenever there is no confusion, we omit the subécript Q. The set C™ (£2) denotes continuous
functions with n continuous derivatives, and IT,, (€2) denotes the set of polynomials of degree < p
in each variable, over €. The letters K, C' (without any dependencies on variables) are used to
denote generic positive constants, possibly not the same in each occurrence.

Il. MODEL PROBLEM

We consider the singularly perturbed elliptic boundary value problem
—2Au+u = finQ:=(0,1), 2.1)
u = 0on0f,

where € € (0, 1] is a small parameter and f(x,y) is analytic. Its weak formulation is: Find
u € H} () such that

B(u,v) := 2 (Vu, Vo) + (u,v) = (f,v) Vv € H} (), (2.2)

where (-, -) denotes the usual L? inner product. Since B(u,v) > &2 ||u\|? o> problem (??) admits
a unique solution for every 0 < ¢ < 1. We denote by

lull. g = (B(u,u)/?, 0<e<1 2.3)

the energy norm corresponding to (??).
The finite element approximation of (??) proceeds as usual: given a subspace Sy C H¢ ()
of dimension NV, the finite element solution u € Sy satisfies

B(uy,v) = (f,v) Yv € Sn. (24)
Again, for every 0 < € < 1, there exists a unique solution uy € Sy and
lu—unllg = inf flu=ol, g 25)
Our goal in this article is the design of a finite element space Sy such that
lu —un|l. o < CF(N),

with F(N) — 0as N — oo, with C, F'(-) bounded independently of . More precisely, we will
be interested in Sy for which F'(N) — 0 exponentially or at least at an arbitrarily high algebraic
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rate, independently of €. In order to achieve this, information on the asymptotic structure of the
solution is necessary.

The asymptotics of the solution u of (??) were investigated in [?], [?] and are summarized in
this section. We begin with the following result from [?].

Proposition 2.1. The solution u of (??) can be decomposed as v = us, + Ra, , where ua,
denotes the asymptotic expansion given by

Ugn = us +upr + uc, (2.6)
with ug the smooth (outer) expansion, ugy, = Van + Way + Van, + W, the boundary layers
4

along each side of Q, and uc = Zan the corner layers. The remainder Ro,, satisfies
=1

[ Ronllq < Cne 7™, m < 2n+1, 2.7

m,Q —

C,, € Rindependent of ¢.
In (??), the smooth part ug = Us, is given by

2n

Uil 1) = 3 o

where uo(z,y) = f(z,y), wi(z,y) = Au;_2(z,y), ¢ > 2 and u; = 0 for ¢ odd. That is,

2n lA(z fori
Usp(z,y) = { > i=o 0 fc{r(jé%, ori even 08

The boundary layer V5,, (along the x-axis) is given by

Von(z,y/e) = Zs vi(z,y/e), (2.9)

where, with = y/e, v; (z,n) are defined recursively by
Vi +v; = 0,1=0,1, (2.10)
~Vigy T Vi = Vi—2zz,t=2...,2n,
along with boundary conditions
v; (2,0) = —u; (z,0), (2.11)
vi (x,n) — O0asn — oo, i =0,1,...,2n.

The boundary layers along the other three sides of €2 are defined as

W2n£7 Zngfy V2nx77 ngxﬁ stzl'n

=0

where £ = z/e, & = (1—x) /e, = (1 —y)/e and w;, T;, W; are obtained in a similar way
as v;. In the next section, we will address the nature of these boundary layers in a more explicit
way, in order to define a finite element scheme for their effective approximation.
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The corner layers Z5,,0 = 1, ...,4,in (??) are defined as
2n
Z5, =Y €'z, (2.12)
i=0

where, for £ = 1, 2} satisfies the following boundary value problem in the stretched variables
E=a/e,n=y/e:

~zlee = gy T2 =0in Q1 = (0,00) x (0,00)

2} (€,0) = —w; (£,0), (2.13)

Z7,1 (077]) = Y (077])’

2 (&m) = 0as&,n — oo,
fori = 0,1,..., 2n. Moreover, we have from [?]

|2} (&) < Ce, 0 < &,n < o0,

|DE 2l (€,m)] < Cem?, p>1, (2.14)
with p = (€2 + 772)1/ > and C,a € R independent of ¢. The other three corner layers VA
¢ =2, 3,4 are defined by similar equations to (??) and satisfy similar bounds to (2?).

Since by (??) the finite element error is a best approximation error, we design Sy C H?! ()
so that u = u9, + Ra, can be robustly approximated. We will do this separately for each part of
the decomposition (2?), since

inf - < inf — inf — 2.15
nf u=vlg < inf flups—vilg+ i fuo—wlg+ @19
inf — inf ||Ran — .
+inf s —vsllg+ inf Ran = eall g

We will in the following construct specific subspaces SE%, S§; for the boundary and corner
layer approximation, respectively. We will also construct the space Sf, for the approximation of
the smooth part and the remainder. The subspace Sy will then be designed such that .S EL C
SN, Sﬁ C Sy and S ﬁ C Sn, allowing us to bound (??). Finally, a correction term is subtracted
to ensure our approximation to u is in Hg ().

lll. BOUNDARY LAYER APPROXIMATION
We consider the first term in the error bound (??) and, in particular, the design of the finite
element space STL to approximate the boundary layer u 7, in (2?). We will present the analysis

for the approximation of V5,, and note that the other three boundary layers can be approximated
in the same way. Recall that

2n
V2n = Z €i1}i(l‘, y/€)’
=0
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with v; satisfying (??), (??). It is then easy to see that
vg = —f(x,0)e Y/, (3.1)

and v; = 0 for ¢ odd. In general, using an inductive argument, which appears in the appendix, we
have (for ¢ > 0 even)

v; = e Y/¢ {f(i)(x,O)m/z(y/e) + ciA(i)f(a:,O) + (3.2)

i/2—1 9i—2i

+ Z_: Tija—j (y/e) Ry (A(Qj)f(x,o)>}7

where 7y (y/€) and 7, (y/€) are polynomials of degree k, and ¢; € R. This shows that the
boundary layers are sums of products of a ““‘smooth” function and the one-dimensional boundary
layer exp(—y/e). Using the results of [?], we will construct tensor product spaces (see [?]) for
approximating V5, and, in turn, upgy,.

To this end, let IT, () denote the space of polynomials of degree < p in each variable, and
consider the approximation of

v(z,y) = C(z)mk (v) e v/e (3.3)

by ¢(x,y) = ¢1 () b2 (y) € IL,, (2), where ¢ (y) = ¢3 (y) ¢3 (y) and . (y) is a polynomial
of degree k in y. With J = (0,1), let ¢1 (z) € II,, (J) be the H' projection of C(x) onto IT,, (J) ,
and denote

di
da’

@%=Oﬂﬂ=H ©) - hi(@))|| Li=o1 (34)

We have the following lemma.

Lemma 3.1. Let v(x,y) be given by (??) with C(x) analytic, and for &, a fixed constant,
suppose that kpe < 1. In J = (0, 1), use a mesh given by {J1, J, J3}, J1 = (0, kpe/2), Jo =
(kpe/2,1 — kpe/2), J3 = (1 — kpe/2,1). Define further on Q = (0, 1)2 the corresponding
tensor product mesh

A= {Qij}lgi,jSS’Qij = Jz X Jj, (35)

with degree vector p = {pij}lgi,jgs’ pij =D > 2k, and for ¥ = (A, ?) set

SKE (D) ={y e C°(Q) : ¥ |o,,€ IT, (), € A}. (3.6)
Then, there exists ¢(z,y) € SKE (X) such that
lv = ¢l o < Ke'/?a?, (3.7)

where K € R is independent of € and p, and o < 1.
Proof. With ¢(x,y) = ¢1 () ¢2 (y) we have

o, y) = 6@ y)ll. 0 = |[C@)me () e/ = 61 (@) 62 )|

Qo
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A calculation gives

+
e,J

} ; (3.8)
0,J

with Ky € R independent of € and C?, i = 0,1 glven by (??). Let us concentrate on the term
[ () /= = Ga(y)]|_,. Since 62 (4) = B} (4) 63 (4) with 64 () € T2 (). i = 1,2, we
have

[ @) e/ = oatw|_ = [|mn ) 7% = () 63 0) + e () 63 () + 0 () 63 ()

lo(o.9) = el < Ko{ (I +CF+2CF) [me ) - ontr)

e

+eCy Hﬂ'k (y) e /¢

e,J

e,J
< & {im Wl e - B0, + 1830, I ) - S0, }-
Since p > 2k, then |7 (y) — ¢ (y)HsJ =0 and
|7 wye s 6| < Kilme @)l e - 6| - (39)
Lett = 2y — 1. Then,
He—y/s _ ¢§(?J) — e—(t+1)/25 _ (b% (t + 1> _ “e—(t+1)/2a _ 52 )
e, J 2 e (—1,1) e,(=1,1)
By Theorem 5.1 of [?], there exists %3 such that
He—<t+1>/2€ . < Kyel/2GrT1/2, (3.10)
e,(—1,1)
with K5 € R independent of € and p, and & < 1. Thus, by (??) and (??) we have
Hwk (y) e /e — d2(y) iy < Kyet/2artl/2, (3.11)

K3 € R independent of ¢ and p. Finally, since C'(z) was assumed to be analytic, we have from

(2]
IC(@)]l., < Kis €R,CP < K38°,i=0,1

with0 < 8 < 1, 3, 7k (y) e—y/EHE , < Land by (22), (2?) we obtain

[v(z,y) — p(z,y)|.q < KgfBPel/2art1/? = Kel/2qP. (3.12)

This completes the proof. -

As the above lemma shows, approximating functions of type (??) amounts to approximating
the one-dimensional boundary layer function exp(—y/¢). Using the results of [?], this can be
done at an exponential rate of convergence. Using Lemma ?? for the approximation of V5,,, we
have the following result.

Lemma 3.2. Let SEE () be the space defined in Lemma ??. Then, there exists ¢ € SHE such
that

Vo, — ¢ll.q < Ke'l?a?,
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where K € R is independent of € and p, and o < 1.
Proof. We write ¢(z,y) € SHF as

2n i/2—1
da,y) = | et@el W)+ @viw) + Y xi@)x3)
=0 =0

Then, with V5,, given by (??),

2n
Vor —0lla < 31

£ O (@, 0)mpaly/e)e ™ — ph@)t )| +

i=0 &,
|| ea @ 00 —pl@wie)|  +
€,
' RN —y/e _ \1(2)22
+ Y | 5 (AP @ 0) ma (/e) e = X @)
j=0 £,Q
Applying Lemma ?? to each term above, gives the lemma. -

The mesh for the boundary layer approximation is shown in Fig. ??. o
Using the same argument for the approximation of the boundary layers Wa,,, V2,,, Wy, along
the other three sides of €2, we immediately obtain the following theorem.

Theorem 3.1.  Let ST (X) be given by (??) with & = (A, ?) given by (??), and let ugy,
correspond to the boundary layers in the expansion (??). Then, there exists v; € S }\B,L (%) such
that

lupr —vill.q < Kel/2aP,

where K € R is independent of € and p, and o < 1.

Q3 Q3 Q33
IR + =4
| |
| |
| |
| |
Q) Q2 1 232
| |
| |
| |
| |
__{_ _________ +__
Qul Qo 195

FIG. 1. Partition of €2 for boundary layer approximation.
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IV. CORNER LAYER APPROXIMATION

We now turn our attention to the approximation of the corner layers. We will use the following
lemma, which follows by a change of variables argument.

Lemma 4.1.  Under the stretched variables transformation { = Z,n = £, we have for any
function v, the following correspondence:

||’U(f£, y)”a,m,] = ||:J(€7 77)Hmj )

where
m
2 1 2
||’UH57m,I = 2821 |’U|i71 4
=0

v(&,n) = v(e€,en), and I C Q1 denotes the image of any subset I C ), under this transforma-
tion. Form = \l¢ m.1 coincides with the energy norm and we have

[o(a,9)ll. ;= e lo(€mll, 7 -

In the subsections that follow, we will design the finite element space S, to approximate the
corner layers uc. This will be done in several steps. First, we will show thateach Z%, ¢ = 1, ..., 4,
is negligible outside the four regions of size O(pe) near the four corners of €2. To this end, let

ct=L(ro):0<r<mps,0<0<’ 4.1
e 2

describe a sector of €2 near the corner at the origin and assume ¢ < kpe < 1/2. We have the
following lemma.

Lemma 4.2. Let uc be the corner layer functions in the asymptotic expansion (??) and assume
that € < kpe < 1/2. Then, for Q¢ := Q\ {U?Zl C;}, we have form > 0,0 =1,...,4

1220l » 14l 00 < K (m,n) e =™, 4.2)

with K (m,n),b € R independent of €.
Proof. By the triangle inequality, we get

4
> Zs

=1

4

4 2n
S ZHZﬁTLHnL,QC ZZ HZiZHm,QC'
¢=1 i=0

m,QC (=1

[uc|lm 00 =

We will concentrate only on Z2 := Z(&,n), so that using Lemma 22, withv = Z} .o = Z, we
get

:6‘

1230l e Lz se|Z

”val\C% ’
where C7 is given by (2?) fore = 1 and Q1 = (0,00) x (0,00). Let us estimate the right-hand
side of the above inequality. We have

<3<l /]
m,Q1\Cq ZE HZ H QC a i=0 oz<m{ Q1\C}

|,

DO‘Z’ dgdn}
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We introduce polar coordinates (p, 8), and, since 1 < kp < p, we can use (??) to bound the
quantity in the integral. We obtain

2

~ 2n i 00 m/2
HZH S Zaz Z (Cm)g/ / {e=2*} pdfdp
@G i=0  |a|<m rp /0
2n
< ZezC(m,b, K)pe20RP < C'pe—20RP (4.3)
i=0
with C' € R independent of ¢, but depending on n, m, b, and . Thus, || Z3,, Ha,m,QC < eCpe~brp
with b € R as in (??). By definition,
2 - 2 2
1 _ 2i | 71 2 1
HZ%He,m,QC - ZE ' ’22”’1',90 e HZ2"Hm,QC ’
i=0
so that
1220l 00 < €77 1220, 1 e < 1P
A similar argument can be used for the other three corner layers to obtain
HZgTLHm,QC < Cglimpeibﬁpa = 1,...,4.
Then (??) follows by adjusting the values of the constants. -

Using Lemma ??, we see that [[uc||, gc < Cee™ %P which is small. Hence uc need only be
“well” approximated to a distance of O(pe) near each corner. This will be taken into consideration
in the design of the finite element space. We will consider only the approximation of Z3, =
Z(&,n) from this point forward.

The approximation of Z in (0, K',p)Q will consist of two parts: first over a fixed region I =
(0,x)?, and then over the remaining portion of (0, sp)>. This will be done in Sections IV.A and
IV.B. In Section IV.C, the approximation over the entire domain {2 is presented. To this end, let
Q4 := (0, kpe) x (0, kpe) and subdivide it into two regions I and IT as follows:

I = (0,ke) x (0,ke),
I = O\ 1.
(See Fig. ??).

A. Approximation over (0, xc)?

Let us first focus on region . Let £ = %, n = % denote stretched variables, as before, and note
the following.

e Region I = (0, xe)? in the z — y plane is transformed into I = (0, <)* in the £ — 7 plane.
o 128l =<||ZEn] ;-

Let us briefly address the regularity of Z . Recall that Z is given as a sum of terms z3,,

satisfying (??) where the boundary data is analytic. Thus, no singularities occur, except possibly
at the origin. It can be shown (using Theorem 3.1 of [?]), that the restriction of the solution z%n

of (2?) to I= (0, /{)2 , belongs to the countably normed space Bg (f ) , defined in [?]. Hence,
~ y [
7 ¢ B2 (I) :
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__ To obtain a finite element approximation of the corner layer Z in I, define ~a geometric mesh,
17 with geometric ratio 0,0 < o < 1, and number of layers n +1 > 2 on I (i.e., in stretched
coordinates) as follows. Let{o =n9 =0, &; = n; = o"t1=i 1< j<n+1land

Zl.,j = (f]—hfj) X (77]—1777]) for 1 S .j S n+ 1a

I = (§-1,§) x (0,mj—1) for2 < j <n+1,

137]‘ = (ngj—l) X (77j_1,7’]j) fOI' 2 Sj S n 4+ 1.

Further divide each I; ;,7,j > 2, into three triangles jik j»© < k < 3 and define the mesh

i Lij,fori=1,1<j<n+12<i<3,j=2and “44)
o Ififor1 <k <32<i<32<j<n+1 ’ ’
An example of such a geometric mesh is illustrated in Fig. 2?.

Define the space

ueHWQ%ubkem%ﬁ0,1§k§&2§i§&2§j§n+l
SP ( [2) = i '

wlp ety (L) fori=1,1<j<n+lorl<i<3j=2
4.5)

Also, SP (I™) is the space defined on a geometric mesh over (0, xe)*, analogously to (22). We
have the following result from [?].

Proposition 4.1.  Let I = (0, k) x (0, &) and let I be the geometric mesh (2?) withn = O(p).
Ifu e B% (f ) with 0 < [ < 1, then for any 0 < o < 1 there exists a piecewise polynomial

Y&, m) €SP (f]}) such that

lu — ||, 7 < Cem N, 4.6)

where N is the number of degrees of freedom of the space SP (f ;’) yand a1, C € R are indepen-
dent of p,e, and N.

>

Kpe

II

KE

(0,0) KE Kpe

FIG. 2. Definition of regions I and I1.
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Using Proposition 4.1 we have the following result for the approximation of the corner layer.

Lemma 4.3. Let Z3, be the corner layer at the origin, and let SP (I"") be the space defined
analogously to SP (fg) by (??). Then there exists 1 € SP (IT) such that

128, — ||, , < Ceem V', 4.7)

with C, a1 € R independent of €, and N = dim (S? (I}})) .

Proof. By Lemma ??, }Z21n — wH ;=€ HZ — JH ., where J = 1) (e£,en). Moreover,
& 1,1

since Z (&,m) belongs to the countably normed space B% (f ) , we can use Proposition 4.1 with

w=2 , to obtain

~ ~ _ 1/3
-],z
1,1

where J(f ,m) € SP (ff;) Combining the two, we obtain the result. -

Remark 4.1.  The estimate (??), in Lemma ??, holds for the other corner layer functions 75, ,
0 =2,3,4, as well, with SP(I) replaced by the analogous spaces defined in the corresponding
regions I2 = (1 — ke, 1) x (0,ke), I* = (1 — ke, 1) x (1 — ke, 1), I* = (0, ke) x (1 — ke, 1).

B. Approximation over (0, kpe)?\(0, xe)?

Let us now turn our attention to the finite element approximation of the corner layer in the
transitional region I7. Our goal is, as before, to define a finite element space S (II) in order
to approximate the corner layer over region 1. Using stretched variables, we map region /] =
(0, kpe)*\ (0, ke)? , from the z—y plane to IT = (0, kp)* \ (0, x)? in the € —7) plane. Further (see

~1 -
I3 ~ T4

; L2
133\ /133 ~1

Tap | Tp, [123

- . I3 ~3
I Tan |12 24

(0,0 K %

FIG. 3. The geometric mesh on region I with o = 1/2and n = 3.
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A
Kp
ot
02K
~_1 -
32 1,
~_ L 2
-1 T \/11; 5
o'k
3,1 HI,I I, _,
K _
~ LA Iy 5
I ! ”;2 » E
00 k ok o2k Kp

FIG. 4. The mesh on region IT with v = 2.

Fig. ?2), we divide 7 into = (0,5p)%\ (0, cf”mp)2 and IT =11 \ﬁ+ with v = v(p)
satisfying (??) below.

The overall strategy is as follows. We will approximate Zin II over an extension of the
geometric mesh from region I into region I] . Lemmas ??-2? give the necessary tools for this
approximation. Then, we will extend the approximating polynomial in region I/ and set it

equal to zero on the outer boundary of region ffr (and beyond), without worsening the estimate
established in Lemma ??. This is done in Lemma ??. By combining the results and mapping back
to the  — y plane, we obtain an estimate for Z3, over region I as given in Theorem 4.1. The
final result is given in Theorem 4.2 of Section IV.C, where the corner layer u¢ is approximated
over the entire domain ). o

First, let us consider region /I and define a mesh as follows. Choose v(p) such that

1
v(p) +1 < —L

ol (4.8)

Define &g =19 = &, gj =n; = KJO'_j,j = 17...71/(])) and

I, ; = (&-1,&) % (nj—1,m;) for 1 < j < v(p),
II2,j = (57—176]) X (0,77‘7‘—1) for 1 SJ < V<p)a
IT;; = (0,&-1) x (nj—1,my) for 1 < j < v(p).

Note that (??) implies ko~ @)+ < gy Define the mesh

() —_—
I,. ={I,

L 1Si<31<j <)},
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——_v(p)

and note that it consists only of rectangular elements. (17 o is not regular in the sense of [?]).

We begin the construction of an approximation to Z (&,7n) inregion IT ,firston the rectangulation
—_v(p)

II, ., defined above. We have the following result.

Lemmad4.4. [?] Let A (&,1m) correspond to the corner layer at the origin. Then, with

___v(p) ——
SP (Um* > - {u ful-- €Tl (Hm) for1<i<3,1<j< V(p)}, 4.9)

iJ

——_v(p)

~ v - -
there exists ¢p(€,n) € SP (IIU’* ) such that ¢ = Z at each node of 11, ,, , and

3 v(p) e
S Y| (2-9)|, - <Ckomap ™ m=0,12, @10
i=1 j=1 i g

for any integer s > 0.
Proof. See proof of Lemma 4.3.6 in [?]. -
Next, we consider the values of the corner layers and the approximating polynomials at the
irregular nodes. We define an irregular node to be a vertex of an element that lies in the interior
of a side of an adjacent element. Other nodes are termed regular. Note that, even though ¢ and

——_v(p)

A agree at each regular node of the rectangulation 17, , , we need to adjust the inter-element

jumps in the approximating polynomials 5 (&,m) at each irregular node. This is done analogously
to the technique in [?] and the details can be found in the proof of Lemma 4.3.7 in [?]. To this
k

end, further divide each II 1 < k < 3, and define the mesh

;j’z' > 2, into three triangles ﬁ; i

v II, . fori=1,1<j< , and
1. = i 1O <j=vp) . 4.11)

7 I, for1 <k <3,2<i<3,1<j<v(p)

——_v(p)

This mesh is similar to the geometric mesh defined for region I by (??). Note that 17 is

defined in the £ — ) plane. We could obtain a mesh, 1 V(p), over region /7 in the x — y plane,
——_v(P

by using the stretched variable transformation. Figure ?? illustrates the mesh 17

Lemmad4.5. [?] Let A (&,m) correspond to the corner layer at the origin and define the space

uEH%m:uhiem«ﬁ;>J:L1§jgwm,

——_v(p) )
SP <H{, > - R (4.12)
ul_ el <Hm> 1<k<3,2<i<3,1<j<u(p)
~ v I v
Then, there exists (&, n) € SP (IIU ) such that 1) = Z at each node of II, , and
o 2
|2-9| . <clrospr2, (4.13)
1,

for any integer s > 0.
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A
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I
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I,
ﬁ -
K ~ o+
; I,
o) g
0,00 K o Pk Kp
.ot
FIG. 5. The mesh on region I] .
Proof. See proof of Lemma 4.3.7 in [?]. -
As a final step in the construction of the corner layer approximation, we would like to set the

~ ——_v(p)
approximating polynomial (&, n) € S? <I I, ) , to zero along the outer boundary of region
—~—+ —~—+ —~—+
I = (0,kp)*\ (0, O‘_V(p)li)Q, which we partition into 11, = {IIi i=0,..., 3} as shown in
Fig. ??, again without reducing the order of approximation. The result is given in the following
lemma.

Lemma4.6. [?] Let Z (&,m) correspond to the corner layer at the origin, and define the space

S (if) —{uen' (@ et (ﬁ+) =03} 4.14)

Then, there exists 1;(5, n) € SP (ﬁ:) such that zZ(f@'p, n) = 12(5, kp) =0, and

~ ~12
HZ _ le i SO, s)p 2, (4.15)

for any integer s.
Proof. See proof of Lemma 4.3.8 in [?]. -

Lemmas ?? and ?? give us the necessary tools for approximating Z over regions [1 ~ and

-5+ . . > .. .
IT | respectively. Since Z corresponds to the corner layer at the origin, we have the following
immediate result.
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Theorem 4.1.  Let Z3, be the corner layer at the origin, and let II;(M = {IIU_V@) U II:‘}

denote the union of the meshes over regions I1~ and II". Define the space

vir 1 A P _v(p) . _
gp (IIU<)): veH' (Q):vel (IL7 ) over region 11 ’ 4.16)
v € SP(II}) overregion IT*

where SP (H;V(p)) and SP (I1}) are spaces defined analogously to (??), (??). Then, for any

integer s > 0, there exists ¢' € SP (II;(p)) such that ¢* = Z3, at each vertex of IIU_MP)7
@' = 0 on the outer boundary of region 11", and

1230, = 6|, 1y < C(k,0,8)p™%, (4.17)

where C € R is independent of p and ¢, but depends on k, o, and s.
Proof. Using Lemma ??,

128 =M sr =2 |78, =< (128, + 73] 0 )

where ¢! = ¢! (€€, en) . Applying Lemmas ?? and ??, we obtain (??). -

C. Approximation over 2

With Theorem 4.1 we have an estimate for the corner layer function Z3,, in a region of size O(pe)
near the origin. The same estimate can be established in a similar fashion for the other three
corner layers Z%n,é = 2,...,4. This, together with the fact that an,f =1,...,4, are “small”
away from each corner (as Lemma ?? shows), gives us a tool for approximating uc over the
entire domain . Moreover, the space S¥Z defined by (2??), used in the approximation of the
boundary layer part upy, satisfies

SBL c 5§, (4.18)
where S is defined by (??) below, as the space used in approximating uc. Therefore, if S§ is
used instead of S E,L, in the O(pe) region near each corner, the estimate (??) will still hold.

» = {Iﬂ”,ﬂi“”} be the geometric

mesh over (0, kpe) x (0, kpe) C €2, and similarly let Q° v(p)» & = 2,3,4 be the corresponding

To close our discussion on the corner layers, let Q}; w(

geometric meshes over the regions of size (/@ps)2 at the other three corners of €. Also, let
OF = (kpe, 1 — wpe) x (kpe, 1 — kpe) , QF = (rkpe, 1 — rpe) x (0, kpe) , Q3 = (1 — wpe, 1) X
(kpe, 1 — kpe), QF = (kpe,1 — kpe) x (1 — kpe, 1) and QF = (0, kpe) x (kpe, 1 — Kpe).
Define the mesh-degree combination > = (A, ?) , where
. 4
Azﬂgu{ i Q;?} : (4.19)
i=1

o,v(p)’

and the polynomial degree is p > 2n for each element, except QV,i = 0, ..., 4, where it is zero.
We then have the following theorem.

Theorem 4.2. Let uc be the corner layer in the expansion (??) and define the space

sﬁ(z):{veﬂl(g):v

% L < 1Ly (Qi’xl’(p)) » Ulee=0, =1, ""4}’ (4.20)
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with ¥ = (A7 ?) asin (??), and e < kpe < 1/2. Then, for any integer s, there exists ¢ € Sf,
such that

HUC - ¢H5,Q S Cgp_s7 (421)
where C' € R is independent of € and p, but depends on k, o, and s.

Proof. We have uc = y_, Z5,, so that

4
Zzgn - ¢Z

(=1

lue = ¢ll.q =

4
< Z ”Zén B ¢Z||€,Q ’ (4.22)
Q /=1

67

where ¢ = ,_, ¢, with ¢¢ € S (). Let us consider the case £ = 1. We have for ; =
(0, kpe)?

1220 = &'

szln - ¢1H5791 + ||Z21n - qble,Q\Ql
HZzln - ¢1||5,I + HZan - ¢1||5,II + HZ?l" n ¢1||6,9\91 '

By Lemma ??, we have

123, — 6., < CeemN"* = o) = Ceer, (4.23)
and by Theorem 4.1,
|23, — ‘251”5,” <eC (b,k,0,m,s)p ". (4.24)
Moreover, since ¢! = 0in Q\Qy we have || Z3,, — ¢'|_ o, = [ 23], g\, and by Lemma ??
1230l 00, = € 1230 1 e, + 1220 ll0,000, < Kree™,

with K7 € R independent of € and p. Thus,

1220 = 6|l o, < EKrze™™. (4.25)
Combining (2?), (??), and (??), we obtain
123, — 6| o < Cee™ +eC(k,0,5)p™" + Kee " < £Cp~* (4.26)

with C € R independent of € and p, but depending on «, 0, s, and a. The same estimate holds for
Z5,, 0 =2,....4,s0 that (??) gives

4 4
luc =8l <D (1250 — 0|, o <D _eCp™* < Cep™,
/=1 =1

as claimed. -

V. APPROXIMATION OF THE SMOOTH PART AND THE REMAINDER

For the approximation of the smooth part ug, and the remainder Rs,,, we will use standard finite
element spaces of piecewise polynomials. With A = {,} some subdivision of €2, define

Sk={veH" (Q):v|q, €T, ()}, (5.1)
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and let v} be the H? projection of Ra, onto SE N C'(Q). This condition ensures proper
approximation of the remainder, as well as allowing us to introduce boundary correctors in the
next section. Then, we have the standard p version estimate (c.f. [?])

[ Ron = 0], < Co™* | Ranl
with viv = R»,, at each node of the mesh A. Hence,
[Ran =02 || g < [|Ron = v, o < Cp™F [ Ran]l, o < Cop™*Fle™™7%, (5.2)

where we used (??) to bound ||R2n|\S’Q.
Since f is analytic, ug will also be analytic and, thus, (c.f. [?], [?]) there exists U{V S Sﬁ
such that

Hus — ’U{VH&Q < Ce™ P, (5.3)

and U{V = ug at each node of the mesh A. The constants C, a € R are independent of p and ¢.

VI. FINITE ELEMENT APPROXIMATION OF u

We now define the space Sy to be used for the approximation of u = ug, + Ry, over the
entire domain 2. We begin by defining a mesh A on  as follows. Let J; = (0,kpe), Jo =
(kpe,1 — kpe), J3 = (1 — kpe, 1) and define the corresponding tensor product mesh {Qij}?,jzl ,
Qi; = Ji x Jj, as seen in Fig. ??. Further, refine each ;;, i, j = 1, 3 using the geometric mesh

Q’; ()’ k=1, ...,4 given by (2?). This ensures the proper approximation of the corner layers, as

discussed in Section I'V. Define the mesh-degree combination > = (A, ?) Jfor P = (p,...,p),
p > 2n and

KpE
T T
[ [ IKPS
- — T - -
[ [
[ [
[ [
[ [
[ [
[ [
[ [
[ [
[ [
— — .'_ _________ + —_
KpSI [ [
1 |
Kpe

FIG. 6. Initial partition of 2.
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Kpe

=
T as
Kpe
Kpe
o Hy
e

FIG. 7. Final partition of €.

3
A= {Qj Q= forij =13, k=1,..,4 andQ; = J x Jjotherwise}

ij=1

6.1)
Fig. ?? illustrates this mesh. Define the finite element space
Sy ={veH" (Q) :v]q, €I, (), € A}, (6.2)

and note that SBL C Sy, S§ C Sy and SE C Sy, where SEL, 5§, SR were defined by (2?),
(??) and (??), respectively. Estimates (2?), (??), Theorem 3.1, and Theorem 4.2 can be combined
to give the following theorem.

Theorem 6.1. Let u = ua, + Ra, be the solution to (??). Then for any s > 0, there exists
vV € Sy such that

Hu—vNHEQ < K51/2p_5, (6.3)
where K € R is independent of € and p, but depends on k,o,n, and s.

Remark 6.1.  One important observation is that the space Sy, used in the approximation of
u € Hg, is not a subspace of H}. Thus, the best approximation (??) is not achieved using this
space. This discrepancy can be corrected in two steps. First, we adjust vN € Sy so that v = 0
at each node of the mesh on 9S). Then, we adjust v to be zero over the rest of S0, by considering
all the different types of elements in the mesh. The result of such an adjustment is stated in the
Sfollowing lemma. The details can be found in [?].

Lemma 6.1.  For every oV € Sy, there exist wN, VN such that
oV = (N —wV —VN) e Syn{v:iv=00n00} C H} (D).
Moreover, for any element S € A,

;|wN||€,S < Ce'/?BP and ||VN||E,S < Cel/2bp—stits, (6.4)
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FIG. 8. The mesh for Scheme 1, with 4 layers.

where 5, CeR,0< B< 1, 6 > 0 and s > 0 is arbitrary.
We are now in a position to present our main result.

Theorem 6.2. Let u = ug, + Ra, be the solution to (??), and uy the solution to (??). Then
forany s > 0,6 > 0, there exists a constant K = K (6, 5) such that

1/2—6

|lw — uN||€)Q < Ke p %, (6.5)

with K independent of € and p.

FIG. 9. The mesh for Scheme 2, with 4 layers.




82 XENOPHONTOS

FIG. 10. The mesh for Scheme 3 (no geometric layers).

Proof. Follows from Theorem 6.1, Lemma 6.1, and the fact that ux is the best approxi-

mation. -

VIl. NUMERICAL RESULTS

In this section, we present the results of numerical computations for the model problem (??),
performed using the commercial finite element package STRESSCHECK. The right-hand side f
is chosen as f(z,y) = exp(2 — « — y). For simplicity, we will consider a quarter of the domain,
with zero boundary conditions along two sides and symmetry boundary conditions along the other
two sides. Due to the nature of the software package, we are not able to define a variable mesh
on ). Moreover, the maximum allowed polynomial degree is py,ax = 8, thus we compare four
different finite element methods, based on four different meshes, as follows.

1. The first scheme consists of a geometric mesh of size O (pmaxe) at the corner of the domain,
with two boundary layer elements of size O(pmax€) along each side of the boundary (see
Fig. ??2).

2. The second scheme consists of the same combination, but now the graded mesh at the
corner is independent of € (see Fig. ??).

3. The third scheme consists of only the boundary layer elements of size O(pmax€), without
any geometric mesh at the corner (see Fig. ??).

4. The final scheme corresponds to the typical mesh one would use in the case where ¢ = 1.
That is, no boundary layers are present, thus no elements of size O(pmaxe) are used along
the boundary, and only a graded mesh that is independent of ¢ is present at the corner (see
Fig. ?7?2).

We plot the relative error in the energy norm, E, given by
EX FEM
I i A

E=
[uFX, o
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FIG. 11. The mesh for Scheme 4, with 4 layers.

versus the number of degrees of freedom, IV, for e = 0.01,0.001. Due to the fact that there is no
known exact solution for this problem, we will use an “‘approximate exact solution,” obtained by
a high-order finite element method with several thousands degrees of freedom. As can be seen in
Figs. ??-??, uniform exponential convergence is visible in the first three schemes, even though,
due to the technicalities in the proofs, we are able to prove only algebraic (spectral) convergence.
The mesh with no boundary layer elements fails to capture the boundary layer effects, as expected,

epsilon = 0.01

10

-1

10 "

Est. Relative Error in the Energy Norm

-3

—— Scheme 1

- Scheme 4

Scheme 2
Scheme 3

10
10

FIG.

12.

10" 10° 10°

Degrees of Freedom

Energy Norm Convergence for the four schemes.



84 XENOPHONTOS

epsilon = 0.001
10

|
AN

=
o
T

!
0

|
w
T

Est. Relative Error in the Energy Norm

10 E
—— Scheme 1
4 — — Scheme 2
107 E
Scheme 3
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FIG. 13. Energy Norm Convergence for the four schemes.

thus no significant convergence is observed. Moreover, we note that, in practice, the geometric
mesh may not be necessary for 0 < € < 1, since the third scheme with only the boundary layer
elements gives the best convergence results in the energy norm. (For € = 1, however, geometric
refinement is necessary.) Figure ?? shows the relative error in the energy norm for Scheme 1,
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— — epsilon =0.001
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@

=
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L
10 10° 10°
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FIG. 14. Energy Norm Convergence for Scheme 1,e = 1077, j = 2,3, 4.
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107 Il Il
10° 10* 10° 10°
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FIG. 15. Derivative Convergence at the point (1 —¢,1 — ).

for different values of . Notice that the error decreases as ¢ — 0, showing agreement with
the estimate in Theorem 6.2. That is, the factor of £'/2 in the estimate (??) causes the error to
decrease with e.
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FIG. 16. Derivative Convergence at the point (1 — ¢,1 — ¢).
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We also consider the error in the derivatives,
auEX auFEJW
ox ox

OuEX ’
ox

’

E =

(z0,y0)

at the point (zo,y0) = (1 —¢&,1 —¢) for ¢ = 0.01,0.001. In this case , we compare only the
meshes that include boundary layer elements, as seen in Figs. ?? and ??. The first scheme seems
to be the only one that yields reasonable convergence, when the fluxr at some point near the
boundary is considered.

As observed from our numerical results in the case of nonsmooth domains, boundary layer
and geometric refinement are required for robust convergence. Scheme 3, with only boundary
layer refinement, performs well in terms of the energy norm, due to fact the the singularities are
mild in the case of a square domain (they essentially behave like (r/¢)®log(r/¢)?, where 7 is
the distance from the corner). In general, boundary layer refinement alone will not be sufficient
for polygonal domains with re-entrant corners. Hence, Scheme 1 should be used to capture both
the boundary layers and the corner singularities, and yield good convergence results both in the
energy norm and in pointwise derivative errors near the corners.

APPENDIX

Here we present the inductive proof that establishes (??). Recall that v; satisfies
~Vign +v; = 0,1=0,1, (Al)
Uiy + Vi = Vi—2zz, ! =2...,2n,
along with boundary conditions
vi (2,0) = —AWf(x,0) (A2)
v (x,n) — O0asn — o0, i=0,1,....2n
where 1) = y/e. For i = 0, we obtain
vo = —f(z,0)e”",
and for ¢ odd, v; = 0. Suppose, for ¢ > 0, even, that we have
vi = e {F (@, 0)mipa(n) + A f(2,0) +

i/2—1

DL o) 2 (8 p(0)) ).

We would like to show that
Vigg = e {f(iﬁ)(ﬂ?, 0)7i/241(n) + Ci+2A(i+2)f($70) +
i/2—1 az+2 25 9
+ Z Ti/241— 7 8x1+2 5 (A( J)f(a:,O))},
where 7, (t) and 7, () are polynomlals of degree k. To obtain v;42 (x, 1), we solve

—Vit2,mn + Vit2 = Vi za, (A3)
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where
s 52 .
Vigw = € {f(w )(gg’())wi/Q( )Jrcza 5 (A(l)f(x,(])) +

1/2 81+2 23

+Zwl/g+1 NOF == (A(Qj)f(x,())) ,

along with boundary conditions

Vito (2,0) = —A(”Q)f(:c, 0)
vita (2,m) — Oasn— oo.

We use separation of variables and, with v; 2 (x,7) := v}, 5 (x) v}, (1), we have

d2 n Vi zx (iL', 77)
—5 5 \U; Ui + 7);7 n) = ’177
d772 ( +2 ( )) +2 ( ) ’UZ‘+2 (l‘)

where v; 5 (x,n) is given by (2?).

87

(A4)

(A5)

(A6)

First we solve the homogeneous version of (??), with boundary conditions (??), and we get

vl o (n) = e Tand vf,, (z) = —AU+2) £(z.0), so that

iy (z,1) = —A f(z,0)e"

(AT)

Next, we solve the nonhomogeneous problem for a particular solution, using the method of
undeterminded coefficients. Since the right-hand side of (??), given by (??), is the sum of three

terms, we solve three separate differential equations:

o, e _

L Z + vf _ & 7 +2) 2, 0)7; (A8)
d772 ( +2 ( )) +2 (T}) U?_,’_Q ("E) f ( ) /2 (77)
& 7 e”" 02 ()

e (0o () +vily5 (n) = FN R (A f (x,O)) (A9)

i/2
d? R 8”2 2j )
— g e () vl () = s Z Fijar1s () 557 (A% f(2,0)) (AL0)

1. The solution of (??): We choose as a particular solution

i/2 i/2

(7,+2 1, 0 ) (z+2 SC O
vy (1) = o, "Zam w0, "Zanf“, (A1)

1+2 Z+2

where «; are the undetermined coefficients. Inserting (??) into (??) and equating coeffi-

cients, we obtain o; # 0,5 =0, 1,2,...i/2 . Thus,

(i+2) T
?+2 (n) = 7f ( 0)6 77771/2()
z+2 ({E)

Fi+ (@, 0)

s (n)e”
Vit () /2

(A12)
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2. The solution of (??): Here, we choose as a particular solution

Y ():Liz A@ 0 -n Al3
oo () = s s (A0@.0)) (o + e, (A13)

where (g, #1 are the undetermined coefficients. Inserting (??) into (??) and equating
coefficients, we get 5o = 0, 31 # 0. Thus,

N .
Wi () = s (A0S0 ne . (Al4)
z+

3. The solution of (??): We note that since the right-hand side is a sum of (¢/2 — 1) terms,
we solve each differential equation separately. To this end, consider finding the solution of
d? e " oit2=2 9
Tap (Vs () + iy (n) = 71’1@-&-2 @) Tij241-5 (M) R (A( D f(a, 0))

for j fixed. Let A; ; (x) := Zrrogr (AR f(2,0)) and choose as a particular solution
i/2+1—j

> e (A15)

e N

Y2 ) Viho (z)

where vp, £ = 0, ...,4/24 1 — j, are the undetermined coefficients. Inserting (??) into (??)
and equating coefficients, we obtain v, # 0, ¢ =0, 1, ...,i/2 + 1 — 4. Thus,

e . .
vl (n) = ———A; (@)1 (Yo +1n+ o+ Vijar1—m/2t )
Uz+2 (.’II)
el 9i+2-2j _
= — 7 B = (AGD )
Vita (f)m/2+2 5 (0 )896”2 23 ( f(@,0)

Summing from j = 1,...,i/2 — 1, we get that the solution to (??) is given by
! e i/2 81—0—2 25 @)
o () = gy 2 O gz (A25@0). @16
e (

1
as desired.

Using the principle of superposition, we get that the solution to (??) is given by

- i/2 i+2-2j
N (i+2) I LA NCY)
tHha () = Gy e 1@ O+ Rz ) (A f(@,0) o
and hence,
, i/2 §it2-2j .
viga (2,) = €77 Wipzer (0) FD@,0) 4 Y Fiprea; (1) 5ms; (A( J)f(x’0)>
Jj=1

Adding the homogeneous and particular solutions, we get the desired result.
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