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Abstract

We consider the approximation of singularly perturbed systems of reaction—diffusion problems, with the finite element
method. The solution to such problems contains boundary layers which overlap and interact, and the numerical approx-
imation must take this into account in order for the resulting scheme to converge uniformly with respect to the singular
perturbation parameters. In this article we conduct a numerical study of several finite element methods applied to a model
problem, having as our goal their assessment and the identification of a high order scheme which approximates the solu-
tion at an exponential rate of convergence, independently of the singular perturbation parameters.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

The numerical solution of singularly perturbed problems has been studied extensively over the last decade
(see, e.g., the books [14,15,17] and the references therein). The main difficulty in these problems is the presence
of boundary layers in the solution, whose accurate approximation, independently of the singular perturbation
parameter(s), is of utmost importance in order for the overall quality of the approximate solution to be good.
In the context of the finite element method (FEM), the robust approximation of boundary layers requires
either the use of the / version on non-uniform meshes (such as the Shishkin mesh [20] or the Bakhvalov mesh
[1]), or the use of the high order p and /p versions on specially designed (variable) meshes [21]. In both cases,
the a priori knowledge of the position of the layers is taken into account, and mesh-degree combinations can
be chosen for which uniform error estimates can be established [7,21].

In this article we consider a system of two coupled singularly perturbed linear reaction—diffusion equations,
which have two overlapping boundary layers. This problem was studied by Matthews et al. [11,12], Madden
and Stynes [10] and by LinB and Madden [8,9] in the context of finite differences, and by Lin3 and Madden [7]
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in the context of the 4 version of the FEM with piecewise linear basis functions. Here we consider the finite
element approximation of the same problem, paying particular attention to the high order versions of the
FEM. Our goal is to numerically investigate the performance of all versions of the FEM on various meshes
and to identify a method which approximates the solution independently of the singular perturbation param-
eters at a sufficiently fast rate. In fact, we propose a p/hp FEM on a five element variable mesh which, as our
numerical computations will demonstrate, approximates the solution at an exponential rate of convergence,
independently of the singular perturbation parameters.

The rest of the paper is organized as follows: In Section 2 we present the model problem and discuss the
properties of its solution. In Section 3 we give the finite element formulation and the design of the various
schemes we will be considering. Section 4 contains the results of extensive numerical computations in order
to assess the performance of each method, and finally, in Section 5 we summarize our conclusions.

In what follows, the space of squared integrable functions on an interval Q C R will be denoted by L*(Q),
with associated inner product

(1) = [ s

We will also utilize the usual Sobolev space notation H(Q) to denote the space of functions on Q with
0,1,2,...,k generalized derivatives in L*(Q), equipped with norm and seminorm ||||o; and |-|o.;, respectively.
For vector functions @ = [u(x), u>(x)]", we will write

2 2 2
H“”Q,k = ||”1ng,k + H”ZHQk

We will also use the space

Hy(Q) = {u € H'(Q) : ul,q = 0},
where 0Q denotes the boundary of Q. Finally, the letter C will be used to denote a generic positive constant,
independent of any discretization or singular perturbation parameters and possibly having different values in
each occurrence.

2. The model problem

As in [7,8,9,10,11,12], we consider the following model problem: find # such that

i+Ai=f inQ=(0,1), (1)

along with the boundary conditions on 0Q2
i(0) =%, u(l) =7. (2)
In (1) the parameters ¢ and u lie in (0, 1],
_ [all(x) alz(x)] 7= {fl(x)]
axy(x) axn(x) 7 Sa(x)

are given, and we will take, without loss of generality, Yy = V| = 0 in (2). Moreover, we will assume that the
matrix A is invertible and that there exists some constant « such that

(3)

xrél[(i)?]{all(x) +ap(x), axn (x) + an(x)} > o > 0. @

Problems of this type arise in the study of turbulence models [16,22], population dynamics [5], as well as in
the modeling of mass transfer processes in multicomponent systems [19]. Moreover, when u = 1, the system (1)
corresponds to the scalar fourth-order singularly perturbed problem studied in [18], hence our study contains
this as a special case.
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We will concentrate on the most general case (see, e.g., [10]) when
0<eg<u<l,

and our goal will be to obtain a finite element approximation for the solution & := [u; (x), u>(x)]" to (1), that is
valid uniformly in ¢ and p, i.e., the method does not deteriorate as ¢, ¢ — 0. It is known that in this case the
solution # will contain boundary layers of width O(|u1n u|), but as it was shown in [10], the first component of
i will contain an additional sublayer of width O(|elne|). This is demonstrated in Fig. 1, in which the two com-
ponents of the solution # are shown, for the case

2 -1 < 1 . 0 = .
A[_l 2] f(x)[l], ”(O)M e=107, p=10" (5)

In [10], it was shown that the solution to (1) and (2) can be decomposed into a smooth part and a boundary
layer part, and bounds on each were obtained which allowed for the design of a uniformly (in ¢ and p) con-
vergent finite difference scheme on a Shishkin mesh, to be constructed. These bounds were subsequently uti-
lized in [7] for the design of a piecewise linear finite element scheme (on Shishkin and Bakhvalov meshes),
which again was shown to be uniformly convergent. In particular, the results of [10] state that if i solves
(1), and U is the approximation obtained using centered second order finite differences on a Shishkin mesh
with nodes {x;},, then

@~ Ully < CN~'InN, (6)

that the same central difference scheme gives almost second order accuracy (as opposed to almost first order
accuracy shown in [10]); see also [8]. A similar error estimate to (6) was also obtained in [7], in terms of the
energy norm (see Eq. (12) ahead), with U being the piecewise linear finite element approximation on the Shish-
kin mesh. More details on the finite element approximation of this problem, and the error estimates obtained
in [7], will be given in the next section.

An example of the Shishkin mesh used in the articles mentioned above is shown in Fig. 2, in which

[l RN R
r,l—mm{z,alnN}, re—mm{g,i,alnN}. (7)

o3f 1
1
1
o2y, u1(x)
1
01! - = ==ux |4
1 2
1
0 . 0 . o . .
0 0.5 1 0 0.1 0.2 0 0.02 0.04
X X X

Fig. 1. The exact solution of (1) for the example given by (5).
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N/8N/8 N/2 N/8N/8
i
Fig. 2. Example of a Shishkin mesh with N = 32 subintervals.

3. The finite element methods

As usual, we cast the problem (1) into an equivalent weak formulation, which reads: find @ € [H)(2)]” such
that

B(ii,5) = F(B) V&€ [Hy(Q)), (8)
where

B(i, V) = & (uy, v)) g + 1 (th, 1)) g + (anur + arsuz, v1)g + (azuy + anu, v2), 9)

F(?) = (fi,01)q + (f2,02)q- (10)

From (4), we get that for any x € Q,

E4g > 8¢ Ve R, (11)
and it follows that the bilinear form B(,") is coercive with respect to the energy norm

lill3.0 := &l o + il g + o (lr 5 + e2llg 0), (12)
1e.,

Bii, i) > |[iillzo Vi € [Hy(Q)]. (13)
This, along with the continuity of B(:,-) and F(-), imply the unique solvability of (8).

For the discretization, we choose a finite dimensional subspace Vy of Hy(2) and solve the problem: find
iy € [Vy]* such that

B(iiy,¥) = F(B) Vi e [Vy] (14)
The unique solvability of the discrete problem (14) follows from (11) and (13). The subspace V' is chosen as
follows. Let 4 = {0 = xo < x;<:--<x3,=1} be an arbitrary partition of Q = (0,1) and set

Ij:(xj,],xj), hj:xj—xj,l, jzl,...,M,

hmax = Max h;.
j=1,..M

Also, define the master (or standard) element /g7=(—1,1), and note that it can be mapped onto the jth ele-
ment /; by the linear mapping

1 1
X = Qj(t) = 5(1 — t))Cj,1 +§(l =+ I)Xj.
The inverse mapping, which maps the jth element onto the standard element, is given by
2t — Xj—1 — X

h:

J

1=0;'(x) =
With I1,(Is7) the space of polynomials of degree <p on /s, we define our finite dimensional subspace as

V= Vn(d,p) = {ue Hy(Q) : u(Q,(1)) € I,,(Isr),j = 1,...,M}, (15)
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where p = (py,...,py) is the vector of polynomial degrees assigned to the elements. This construction allows
us to study all the versions of the FEM, namely: (i) the 4 version, in which p is fixed and /,,x — 0, (ii) the p
version, in which the mesh (i.e. 4)) is fixed and p; — oo V/j, and (iii) the Ap version, which is a combination of
the previous two. We will focus our attention to the design of a high order p/hp FEM on a suitable (variable)
mesh, which will approximate the solution to (1) uniformly in ¢ and u, at an exponential rate.

The idea for a high order method for singularly perturbed problems comes from the study of the scalar
problem

—&u"(x) + b(x)u(x) = f(x) in Q= (0,1), (16)
u(0) =u(l)=0. (17)

Schwab and Suri [21] showed that, in the case when b(x) is constant, the use of the three element mesh
A4 ={0,pe, 1 — pe, 1}, (18)

in conjunction with the p version of the FEM yields exponential convergence rates, independently of ¢, when
the error is measured in the energy norm (see also [23]). In (18), the degree p of the approximating polynomials
is increased until ep ~ 1; once p ~ ¢!, we enter the asymptotic range of p and using the p version on a single
element yields exponential convergence (see [21] for more details). The non-constant coefficient case of prob-
lem (16) was studied by Melenk [13], where the exponential convergence rate was established for any » and f
which are analytic.

In terms of the 4 version of the FEM for problem (16), the use of piecewise polynomials of degree p on a
Shishkin mesh with O(N) elements, is known to yield the quasi-optimal algebraic convergence rate
O((N~'In NY’) [25]. The optimal algebraic rate O(N?) for the /& version can be attained if a Bakhvalov mesh
[1], or an exponentially graded mesh is used (cf. [2,3,24]). See also [4] for an alternative approach based on
mesh equidistribution which also yields the optimal rate. In [6] yet another scheme on a highly anistropic mesh
was presented which yielded results comparable to those based on the Shishkin mesh. For the sake of brevity,
we choose to only consider the exponentially graded mesh from [24] from this point forward. For the scalar

problem (16) the exponentially graded mesh is defined as 4 = {xj.}?/:o, where
1 ; . 2

and is shown in Fig. 3 (see [24] for more details, including the derivation of (19).)

Guided by the above results for the scalar problem, and the behavior of the overlapping layers for the sys-
tem (1), we design the following finite element schemes: for the p/hp version, we use the five element variable
mesh

A ={0,pe,pu, 1 — pu,1 — pe, 1}, (20)

with p increasing, under the assumptions that 0 < pe <pp and 1 — pu <1 — pe < 1. If max{pe,pu} ~1 then we
simply use a single element and increase p. Moreover, if ¢ = u or either ¢ or u = 1, then we use the three ele-
ment mesh (18). As our numerical results in the next section will indicate, this scheme will yield exponential
convergence, independently of ¢ and p, and the following error estimate will be observed:

lii — iyl < Cmax{e'?, u'le™, ke R (21)

(The proof of (21) appears in [26].) For the / version, we will construct an exponentially graded mesh, suitable
for the system (1), by taking the union of the meshes obtained using (19); once with ¢ and once with ¢ replaced
by u, ie., 4 = {xj:}j,vzo U {xf }j.V:O. As our numerical computations in the next section will indicate, this method
will yield the optimal convergence rate O(N ). We will also consider the % version on a Shishkin mesh, with

' \
0 %1 T2 T3 o IN-3 721’N711

IN

Fig. 3. Example of the exponentially graded mesh with N = 12 nodes.
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polynomials of degree p = 1, 2 and 3. Since the definition of the mesh from [7,10], seen in Fig. 2, corresponds
to p =1, we will take

1 1 ;
Ty :min{z,g(lﬂ— 1)lnN}7 7, = min {g,r—z",g(p—&— 1)lnN}

for our computations, instead of (7).
We close this section by mentioning the error estimates obtained in [7] for the model problems (1) and (2)
using the finite element method with piecewise linear basis functions. For the Shishkin mesh, it was shown that

i — iiy|| ;o < CIN"'InN,
and for the Bakhvalov mesh, the following was established:
Hﬁ— HNHE«,Q < C2N71’

with the positive constants Cy, C, independent of N, ¢ and u. Our computations in the next section will suggest
that the above error estimate for the Shishkin mesh can be generalized for polynomials of degree p > 1.

4. Numerical results

In this section we present the results of numerical computations for the two model problems considered in
[7,10]. Our goal will be to compare the different types of finite element schemes, as well as verify the claims
made in Section 3 regarding the high order FEMs and the / version on the exponentially graded mesh. Also,
we will present results for the Shishkin mesh with p =2 and 3 (in addition to p = 1), which, as mentioned
above, suggest that the results in [7] can be generalized.

4.1. The constant coefficient case

First we consider the constant coefficient case, in which

[ 3] o[l e[}

An exact solution is available, hence the computations we report are reliable. We will be comparing the
following methods:

e The / version on a uniform mesh, with p =1, 2 and 3.

e The p version on a single element.

e The hp version on the five element (variable) mesh given by (20).

e The / version on a Shishkin mesh, with p =1, 2 and 3.

e The / version on the exponentially graded mesh given by (19), with p =1, 2 and 3.

We expect that the first two methods will not be robust, while the last three will. We will be plotting the
percentage relative error in the energy norm, given by

lfexact — trem HEQ

100 x

loactlen >
versus the number of degrees of freedom N, on a log-log scale.

Fig. 4 shows the error when ¢ = 0.4 and u = 1. Since these values are “large’, we see that the / version on a
uniform mesh performs sufficiently well (with O(N~*) convergence rate), and the p version on a single element
yields exponential convergence.

In Fig. 5, ¢=0.01 and u = 0.1, and we see the performance of the aforementioned methods beginning to
deteriolrate, even though the p version still converges exponentially due to the fact that we continue to have
pre .
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e=0.4,u=1
10 = T
—=6— h-ver, unif mesh,p=1
—4A— h-ver, unif mesh, p =2
—*— h-ver, unif mesh, p =3
—&— p-ver, 1 elem

-
=R
T

_.
<
T

slope=-1

Percentage Relative Error in the Energy Norm
3
T

e
Q
)
T

slope=-2

slope=-3
10—3 1 1
10° 10' 102 10°
DOF
Fig. 4. Energy norm convergence for ¢ =0.4 and p= 1.
e=0.01,u=0.1
10° T ‘
—=6—nh-ver, unif mesh, p=1
—~A—h-ver, unif mesh, p = 2
—*—nh-ver, unif mesh, p= 3
—+&— p-ver, 1 elem
€ L |
5 10
z
>
j=d
[
{4
L
£ 100k E
c © slope=-0.9
<]
I
[
2
R
S 10 4
i
:'f’ slope=-1.9
5
<)
& 10%F E
slope=—-2.8
10-3 I 1 I
10° 10' 102 10° 10*

DOF

Fig. 5. Energy norm convergence for ¢ = 0.01 and p=0.1.

The deterioration of these methods is seen in Fig. 6 with ¢ = 10772 ~ 3% 10 * and 1=0.01. We observe
that the / version on a uniform mesh converges at the rate O(N~"7), independently of the polynomial degree
used, while the p version no longer converges exponentially, but at the algebraic rate O(N~ ') which is roughly
twice that of the & version.

For these values of ¢ and u, we show in Fig. 7 the behavior of the / version on the uniform, Shishkin and
exponential meshes with p = 1, the p version on 1 element and the /p version on five elements. This figure
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£=10"7"2=3x10" pu=0.01

10 T T T
—o6— h-ver, unif mesh, p=1
—=A— h-ver, unif mesh, p=2
—#— h-ver, unif mesh, p=3
—&— p-ver, 1 elem
€
S
z
>
=g
[ 1
S 10 | b
)
£
£
S
'-:') slope~—1.5
= slope=-0.7
IS
2
0
g 10 b
51
c
@
<]
)
a
1
10 1 1 1
10° 10' 10° 10° 10*
DOF

Fig. 6. Energy norm convergence for ¢ = 10772~ 3x107* and 1 =0.01.

e=10""2=~3%x10"4pu=0.01

10 T T T

€
S 1
Z 10 | B
>
=g
[
f=
w
£
£ slope=—0.7
<}
= 0
o 100 F b
2
% slope~=-0.87
o slope=—1
[}
g
},E, ~1[| —©—— h-ver, unif mesh, p =1
S 10°H E
gf ——&— p-ver, 1 elem

—A— hp-ver, 5 elem

——— h-ver, exp mesh,p=1

—#—— h-ver, Shishkin mesh, p =1

—2
10 1 1 1
10° 10' 10° 10°

DOF

Fig. 7. Energy norm convergence for ¢ = 1072 ~ 3% 10~* and 1=0.01.

clearly indicates the robustness of the /4 version on the Shishkin and exponential meshes, as well as the expo-
nential convergence of the /ip version on the five element mesh.

Fig. 8 shows the behavior of the robust /4 versions with different polynomial degrees. We see that the expo-
nential mesh produces the optimal algebraic rate O(N ?), while the Shishkin mesh yields the (usual) quasi-
optimal rate O((N~'In N)’), with the logarithmic term not removable. For completeness, we have included
the hp version to see how it compares with the robust / versions, and we see that only the / version on the
exponential mesh is comparable to it.
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e=107"2=3x107 nu=0.01

10° . .
—-6— h-ver, exp mesh, p =1
—#—— h-ver, exp mesh,p=2
——+—— h-ver, exp mesh, p=3
g 10" —=&— h-ver, Shishkin mesh, p =1 E
i —%— h-ver, Shishkin mesh, p =2
f=d
E.:'; h-ver, Shishkin mesh, p =3
"; —#—— hp-ver, 5 elem
£ 10
£
5 slope=-0.87
i slope=-1
(3
=
= 1L i
3 107
o
[ slope=-1.65
(=2}
]
c
g slope=-2
& 102k slope~-3 E
slope=-2.22
1073 1 1
10' 10° 10° 10*
DOF
Fig. 8. Energy norm convergence for ¢ = 1072~ 3% 10~* and p = 0.01.

The situation remains the same as ¢ and x decrease even further, as is shown in Fig. 9, in which ¢ = 10> and
1= 1072 (smaller values for ¢ and u produce almost identical results).

We also show, in Fig. 10, the /p version on the five element mesh for different values of ¢ and p, and we
observe that the method not only does not deteriorate as &, u — 0, but it actually performs better, when
the error is measured in the energy norm. This is reflected by the positive powers of ¢ and u in the error esti-
mate (21). Although not shown, this behavior is also present in the /4 version on the exponential mesh.

e=102 p=10"2

slope=-0.65

Percentage Relative Error in the Energy Norm

slope=-0.9
—1
10 F slope~—1 E
—=6— h-ver, unif mesh, p=1
102k —&— p-ver, 1 elem i
—=2A—— hp-ver, 5 elem
—*&—— h-ver, exp mesh, p=1
—*—— h-ver, Shishkin mesh, p = 1
10° L L
10° 10' 10° 10°

DOF

Fig. 9. Energy norm convergence for ¢ = 107> and u = 107>,
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hp—version, 5 elements

- -
—6— £~3x10% u=0.01
—%— e=10"2,u=10"°
10" —8— £:1O_G,L1:10_4

1S

o

=z

>

2

2

040 L |
° 10

<
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o

R

£ 10 E
T

o

Q

(o)}

(o]

<

Q

S

K 10°F E

1073 L !
10' 10°
DOF

Fig. 10. Energy norm convergence for the /p version.

Remark 1. Strictly speaking, the /iip scheme considered here is not a true hip FEM, since the position, and not
the number of elements, is changing as p is increased. A more accurate characterization of this scheme would
be a p version FEM on an appropriately designed (variable) mesh. It is possible, nonetheless, to obtain a true
hp FEM by using the exponentially graded mesh (or even the Shishkin mesh, as was done in [27] for
convection—diffusion problems) in conjunction with increasing p. This is shown in Fig. 11, in which we see how
the true /p version (using the exponential mesh) compares with the one on five elements, in the cases ¢ = 10>,
p=10"2and e=10"% u=10""

Remark 2. When the maximum norm is used as an error measure, the results are very similar to the ones
shown before. Here, for completeness, we show in Fig. 12 a representative plot for the error given by

¢ e=107u=10"° e=105u=107*
1 r r r r
—©— True hp version -©- True hp version

10 F E
13 3
510 F i 3
< z
8 3
@ g 10 F ]
S c
w i}
S0} E £
k= =
8 S0} ]
i &
H 2
810" ] 5
(5] ] ”
o s T1) 4
$ )
s s
g 5
S, 3
€10 E < 109 i

1073 1 1 10‘4 1 1
10 10 10' 10°
DOF DOF

Fig. 11. Energy norm convergence for the /p version with five elements and the true /p version.
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e=1072=3x107% u=0.01

10 T T
h ver, exp mesh, p=1

h ver, exp mesh, p=2
h ver, exp mesh, p=3
h ver, Shishkin mesh, p=1
h ver, Shishkin mesh, p=2
h ver, Shishkin mesh, p=3

hp ver, 5 elem

Error in the Maximum Norm

10’ 10° 10° 10"
DOF
Fig. 12. Maximum norm convergence for ¢ = 10772 ~3x10~* and u=0.01.
ltiexact — trem|l .0 = max {%%X liéexact — ”FEM|}7 (23)

versus the number of degrees of freedom, N, for the case ¢ = 10772~ 3% 10~ and 1 =0.01 (other values of
these parameters yield similar results). The slopes of the lines in Fig. 12 are approximately equal to the ones in
Fig. 8. It is interesting, but not surprising, to note that when (23) is used as an error measure, the performance
of the &p version does not improve as ¢, u — 0, as was the case when the energy norm was used to measure the
error. This is shown in Fig. 13, and is due to the fact that from (21) and the interpolation inequality

1/2 1/2
HUHQCQ < 2”””0,/9””/”0,/@

one can obtain an error estimate for the error in the maximum norm in which the positive powers of ¢ and u
will not be present (see [26] for more details).

Lastly, we wish to see how the methods perform in the case ¢ = 1, i.e. when we approximate the solution to
the scalar fourth-order singularly perturbed problem studied in [18]. Figs. 14 and 15 show the energy norm
convergence plot for the various FEMs, in the cases ¢ = 10 %, =1 and ¢ = 10, u = 1, respectively. (For
larger values of ¢ the /4 version on a uniform mesh and the p version on a single element perform reasonably
well and the use of a non-uniform refinement is not as crucial, see, e.g., Fig. 4, while for smaller values of ¢ the
results are similar to the ones shown here.) We should point out that since 4 = 1, the Ap version considered
now consists of only three elements (like in the scalar case, cf. (18)).

From these figures we see that the performance of each method does not change significantly when u =1,
i.e. the /1 version on the uniform mesh and the p version on 1 element are not robust, while the 4 version on the
Shishkin and exponential meshes, as well as the /p version are robust and behave in the same way they did for
the values of p considered earlier. (The slope of the lines in Figs. 14 and 15 are almost identical to the ones in
Fig. 8.) There is, however, one exception: when p = 1, the / version on the exponential and Shishkin meshes
converge at the same rate as it did before but the errors obtained are visibly higher (compare, e.g., Figs. 14 and
15 with Fig. 8). We believe that this is due to the fact that the same (non-uniform) mesh is used for the approx-
imation of both components of # = [u;(x), u>(x)]", while u>(x) is smooth with no boundary layers and a non-
uniform mesh may not be the “best” choice. This does not happen when the polynomial degree is p =2 or 3,
and we believe that this is due to the better approximation properties that higher order polynomials possess.
We do not wish to dwell on this issue, since after all the behavior of all the robust methods is quite satisfactory.
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hp version, 5 elements
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Fig. 14. Energy norm convergence for ¢ = 107> and pu = 1.

4.2. The variable coefficient case

Next, we consider the variable coefficient case, in which

4= _22:);7:;@ _z(.lz;)f) I (x):{loiil]’ ﬁ(o):m'
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An exact solution is not available, and for our computations we use a reference solution obtained with
polynomials of degree 8 on the exponentially graded mesh (19), supplemented with a uniform refinement of
N/3 elements in the middle of the domain (see Fig. 16). Since this is a variable coefficient problem with
non-constant right-hand side, the addition of the uniform refinement is necessary in order for all the compo-
nents of the solution to be accurately approximated. Hence, in our computations we add this uniform refine-
ment to the exponential mesh as well, and we refer to it as a “modified exponential mesh”.

We are again interested in the (now estimated) percentage relative error in the energy and maximum norms.
However, given the results obtained for the constant coefficient case, we now focus our attention only on the
methods which converge uniformly in ¢ and u, namely

e The /ip version on the five element (variable) mesh given by (20).
e The / version on a Shishkin mesh, with p =1, 2 and 3.
e The / version on the modified exponential mesh, with p =1, 2 and 3.

Figs. 17 and 18 show the energy norm convergence of the above three methods for ¢ = 10772~ 3% 1074,
p=0.01 and ¢ =10, u =102, respectively. The results are almost identical to the constant coefficient case
and they indicate, once more, the robust algebraic convergence rates for the /4 versions and the exponential
convergence rate for the /p version.

In Fig. 19 we show the /p version on the five element mesh, for different values of ¢ and y, and we observe
that the positive powers of ¢ and p in the error estimate (21) are present in the variable coefficient case as well,
when the error is measured in the energy norm.

The performance of the robust FEMs when the error is measured in the maximum norm is shown in
Fig. 20, which corresponds to ¢ = 107% and = 10", As in the constant coefficient case, the situation does

y y I T T S R y ' L
Tt T T T

[ . ]

— f —
Iy T2 co ITN/2 ITN-1

0 / _EN-1

Fig. 16. Modified exponential mesh.
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Fig. 18. Energy norm convergence for ¢ = 10> and u= 1072,

not change with the error measure, and all of the observations made in the previous subsection carry over to
the variable coefficient case.

Finally, we consider the cases ¢ = 1073, u=1and e=10"* u=1, which correspond to the scalar fourth-
order singularly perturbed problem [18]. Figs. 21 and 22 show the performance of the robust methods: the
results are almost identical as in the previous example, and qualitatively the same as all other values of ¢
and u we have considered in this work.
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5. Conclusions

We have studied the finite element approximation of systems of singularly perturbed reaction—diffusion
problems by various versions of the FEM. For the model problem under consideration, we have demonstrated
numerically how the / version on a uniform mesh and the p version on a single element do not converge uni-
formly, as ¢, u — 0, while the / version on either a Shishkin or an exponentially graded mesh, is robust and its
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Fig. 22. Energy norm convergence for ¢ = 10~ and pu = 1.

performance does not deteriorate as ¢, u — 0. In particular, when the % version is used with polynomials of
degree p on a Shishkin mesh, we observe O((N~'InNY’) convergence, and when the same method is used
on the exponentially graded mesh, the logarithmic term is no longer present and the optimal O(N ?) conver-
gence rate is observed. We also proposed an /ip scheme on a five element variable mesh which converges uni-
formly in ¢ and p at an exponential rate.
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The above remarks are valid when the error is measured in the energy and maximum norms, and for the
range of values 0 <& < u < 1, including the case u = 1 which corresponds to the scalar fourth-order singularly
perturbed problem.

The numerical analysis of the proposed /p scheme, and the proof of the observed exponential rate of con-
vergence is carried out in [26].
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